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PREFACE. 


THE usual point of view in the study of mechanics is that 
where the attention is mainly directed to the changes which 
take place in the course of time in a given system. The prin- 
cipal problem is the determination of the condition of the 
system with respect to configuration and velocities at any 
required time, when its condition in these respects has been 
given for some one time, and the fundamental equations are 
those which express the changes continually taking place in 
the system. Inquiries of this kind are often simplified by 
taking into consideration conditions of the system other than 
those through whick-it actually passes or is supposed to pass, 
but our attention is not usually carried beyond conditions 
differing infinitesimally from those which are regarded as 
actual. 

For some purposes, however, it is desirable to take a broader 
view of the subject. We may imagine a great number of 
systems of the same nature, but differing in the configura- 
tions and velocities which they have at a given instant, and 
differing not merely infinitesimally, but it may be so as to 
embrace every conceivable combination of configuration and 
velocities. And here we may set the problem, not to follow 
a particular system through its succession of configurations, 
but to determine how the whole number of systems will be 
distributed among the various conceivable configurations and 
velocities at any required time, when the distribution has 
been given for some one time. The fundamental equation 
for this inquiry is that which gives the rate uf change of the 
number of systems which fall within any infinitesimal limits 
of configuration and velocity. . 
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Such inquiries have been called by Maxwell statistical. 
They belong to a branch of mechanics which owes its origin to 
the desire to explain the laws of thermodynamics on mechan- 
ical principles, and of which Clausius, Maxwell, and Boltz- 
mann are to be regarded as the principal founders. The first 
inquiries in this field were indeed somewhat narrower in their 
scope than that which has been mentioned, being applied to 
the particles of a system, rather than to independent systems. 
Statistical inquiries were next directed to the phases (or con- 
ditions with respect to configuration and velocity) which 
succeed one another in a given system in the course of time. 
The explicit consideration of a great number of systems and 
their distribution in phase, and of the permanence or alteration 
of this distribution in the course of time is perhaps first found 
in Boltzmann’s paper on the “ Zusammeuhang zwischen den 
Siitzen tiber das Verhalten mehratomiger Gasmolekiile mit 
Jacobi’s Princip des letzten Multiplicators ” (1871). 

But although, as a matter of history, statistical mechanics 
owes its origin to investigations in thermodynamics, it seems 
eminently worthy of an independent development, both on 
account of the elegance and simplicity of its principles, and 
because it yields new results and places old truths in a new 
light in departments (\uite outside of thermodynamics. More- 
over, the separate study of this branch of mechanics seems to 
afford the best foundation for the study of rational thermody- 
namics and molecular mechanics. 

The laws of thermodynamics, as empirically determined, 
express the approximate and probable behavior of systems of 
a great number of particles, or, more precisely, they express 
the laws of mechanics for such systems as they appear to 
beings who have not the fineness of perception to enable 
them to appreciate quantities of the order of magnitude of 
those which relate to single particles, and who cannot repeat 
their experiments often enough to obtain any but the most 
probable results. The laws of statistical mechanics apply to 
conservative systems of any number of degrees of freedom, 
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and are exact. This does not make them more difficult to 
establish than the approximate laws for systems of a great 
many degrees of freedom, or for limited classes of such 
systems. The reverse is rather the case, for our attention is 
not diverted from what is essential by the peculiarities of the 
system considered, and we are not obliged to satisfy ourselves 
that the effect of the quantities and circumstances neglected 
will be negligible in the result. The laws of thermodynamics 
may be easily obtained from the principles of statistical me- 
chanics, of which they are the incomplete expression, but 
they make a somewhat blind guide in our search for those 
laws. This is perhaps the principal cause of the slow progress 
of rational thermodynamics, as contrasted with the rapid de- 
duction of the consequences of its laws as empirically estab- 
lished. To this must be added that the rational foundation 
of thermodynamics lay in a branch of mechanics of which 
the fundamental notiqns and principles, and the characteristic 
operations, were alike unfamiliar to students of mechanics. 

We may therefore confidently believe that nothing will 
more conduce to the clear apprehension of the relation of 
thermodynamics to rational mechanics, and to the interpreta- 
tion of observed phenomena with reference to their evidence 
respecting the molecular constitution of bodies, than the 
study of the fundamental notions and principles of that de- 
partment of mechanics to which thermodynamics is especially 
related. 

Moreover, we avoid the gravest difficulties when, giving up 
the attempt to frame hypotheses concerning the constitution 
of material bodies, we pursue statistical inquiries as a branch 
of rational mechanics. In the present state of science, it 
seems hardly possible to frame a dynamic theory of molecular 
action which shall embrace the phenomena of thermody- 
namics, of radiation, and of the electrical manifestations 
which accompany the union of atoms. Yet any theory is 
obviously inadequate which does not take account of all 
these phenomena. Even if we confine our attention to the 
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phenomena distinctively thermodynamic, we do not escape 
difficulties in as simple a matter as the number of degrees 
of freedom of a diatomic gas. It is well known that while 
theory would assign to the gas six degrees of freedom per 
molecule, in our experiments on specific heat we cannot ac- 
count for more than five. Certainly, one is building on an 
insecure foundation, who rests his work on hypotheses con- 
cerning the constitution of matter. 

Difficulties of this kind have deterred the author from at- 
tempting to explain the mysteries of nature, and have forced 
him to be contented with the more modest aim of deducing 
some of the more obvious propositions relating to the statis- 
tical branch of mechanics. Here, there can be no mistake in 
regard to the agreement of the hypotheses with the facts of 
nature, for nothing is assumed in that respect. The only 
error into which one can fall, is the want of agreement be- 
tween the premises and the conclusions, and this, with care, 
one may hope, in the main, to avoid. 

The matter of the present volume consists in large measure 
of results which have been obtained by the investigators 
mentioned above, although the point of view and the arrange- 
ment may be different. These results, given to the public 
one by one in the order of their discovery, have necessarily, 
in their original presentation, not been arranged in the most 
logical manner. 

In the first chapter we consider the general problem which 
has been mentioned, and find what may be called the funda- 
mental equation of statistical mechanics. A particular case 
of this equation will give the condition of statistical equi- 
librium, 7. e., the condition which the distribution of the 
systems in phase must satisfy in order that the distribution 
shall be permanent. In the general case, the fundamental 
equation admits an integration, which gives a principle which 
may be variously expressed, according to the point of view 
from which it is regarded, as the conservation of density-in- 
phase, or of extension-in-phase, or of probability of phase. 
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In the second chapter, we apply this principle of conserva- 
tion of probability of phase to the theory of errors in the 
calculated phases of a system, when the determination of the 
arbitrary constants of the integral equations are subject to 
error. In this application, we do not go beyond the usual 
approximations. In other words, we combine the principle 
of conservation of probability of phase, which is exact, with 
those approximate relations, which it is customary to assume 
in the “ theory of errors.” 

In the third chapter we apply the principle of conservation 
of extension-in-phase to the integration of the differential 
equations of motion. This gives Jacobi’s “last multiplier,” 
as has been shown by Boltzmann. 

In the fourth and following chapters we return to the con- 
sideration of statistical equilibrium, and confine our attention 
to conservative systems. We consider especially ensembles 
of systems in which the index (or logarithm) of probability of 
phase is a linear function of the energy. This distribution, 
on account of its unique importance in the theory of statisti- 
cal equilibrium, I have ventured to call canonical, and the 
divisor of the energy, the modulus of distribution. The 
moduli of ensembles have properties analogous to temperature, 
in that equality of the moduli is a condition of equilibrium 
with respect to exchange of energy, when such exchange is 
made possible. 

We find a differential equation relating to average values 
in the ensemble which is identical in form with the funda- 
mental differential equation of thermodynamics, the average 
index of probability of phase, with change of sign, correspond- 
ing to entropy, and the modulus to temperature. 

For the average square of the anomalies of the energy, we 
find an expression which vanishes in comparison with the 
square of the average energy, when the number of degrees 
of freedom is indefinitely increased. An ensemble of systems 
in which the number of degrees of freedom is of the same 
order of magnitude as the number of molecules in the bodies 
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with which we experiment, if distributed canonically, would 
therefore appear to human observation as an ensemble of 
systems in which all have the same energy. 

We meet with other quantities, in the development of the 
subject, which, when the. number of degrees of freedom is 
very great, coincide sensibly with the modulus, and with the 
average index of probability, taken negatively, in a canonical 
ensemble, and which, therefore, may also be regarded as cor- 
responding to temperature and entropy. ‘The correspondence 
is however imperfect, when the number of degrees of freedom 
is not very great, and there is nothing to recommend these 
quantities except that in definition they may be regarded as 
more simple than those which have been mentioned. In 
Chapter XIV, this subject of thermodynamic analogies is 
discussed somewhat at length. 

Finally, in Chapter XV, we consider the modification of 
the preceding results which is necessary when we consider 
systems composed of a number of entirely similar particles, 
or, it may be, of a number of particles of several kinds, all of 
each kind being entirely similar to each other, and when one 
of the variations to be considered is that of the numbers of 
the particles of the various kinds which are contained in a 
system. This supposition would naturally have been intro- 
duced earlier, if our object had been simply the expression of 
the laws of nature. It seemed desirable, however, to separate 
sharply the purely thermodynamic laws from those special 


modifications which belong rather to the theory of the prop- 
erties of matter. 


J. W. G. 


New Haven, December, 1901. 
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ELEMENTARY PRINCIPLES IN 
STATISTICAL MECHANICS 


CHAPTER I. 


GENERAL NOTIONS. THE PRINCIPLE OF CONSERVATION 
OF EXTENSION-IN-PHASE. 


WE shall use Hamilton’s form of the equations of motion for 
a system of m degrees of freedom, writing q,,...g, for the 
(generalized) cotrdinates, 91, ...9, for the (generalized) ve- 


locities, and 
Fi dq, + F,dq,...+ F, dq, (1) 


for the moment of the forces. We shall call the quantities 
F,,...F, the (generalized) forces, and the quantities p,... pn, 
defined by the equations 

VE owl ae WAS at etc., (2) 
where e¢, denotes the kinetic energy of the system, the (gen- 
eralized) momenta. The kinetic energy is here regarded as 
a function of the velocities and codrdinates. We shall usually 
regard it as a function of the momenta and codrdinates,* 
and on this account we denote it by «,. This will not pre- 
vent us from occasionally using formule like (2), where it is 
sufficiently evident the kinetic energy is regarded as function 


of the q’s and q’s. But in expressions like de,/dg,, where the 
denominator does not determine the question, the kinetic 


* The use of the momenta instead of the velocities as independent variables 
is the characteristic of Hamilton’s method which gives his equations of motion 
their remarkable degree of simplicity. We shall find that the fundamental 
notions of statistical mechanics are most easily defined, and are expressed in 
the most simple form, when the momenta with the codrdinates are used to 
describe the state of a system. 
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energy is always to be treated in the differentiation as function 
of the p’s and q’s. 
We have then 
*5 = Aes: soe de, 
a SD ee to ey OLE: 3 
1 dpe Px dd +t, | (3) 
These equations will hold for any forces whatever. If the 
forces are conservative, in other words, if the expression (1) 
is an exact differential, we may set 
de F de 


a g = qg 
Ki=- b) 25 


BESET : 4 

d Ga" etc ? ( ) 
where ¢, is a function of the codrdinates which we shall call 
the potential energy of the system. If we write e for the 


total energy, we shall have 


€= & + &, (5) 
and equations (8) may be written 
: de + de 
21 = Gy? 2h. aauk ete. (6) 


The potential energy (e,) may depend on other variables 
beside the codrdinates g,...9,. We shall often suppose it to 
depend in part on codrdinates of external bodies, which we 
shall denote by a,, a,, etc. We shall then have for the com- 
plete value of the differential of the potential energy * 


de, = — F, dq, e .— F, dqn — Ay da, — A, da, — ete., (7) 


where A,, A,, etc., represent forces (in the generalized sense) 
exerted by the system on external bodies. For the total energy 
(e) we shall have 


de= 9, dp, . +++ dn Un — Pr Ags - oe 
— p, dq, — A, da, — Ag da, — ete. (8) 
It will be observed that the kinetic energy (e,) in the 
most generai case is a quadratic function of the p’s (or q’s) 


* It will be observed, that although we call e, the potential energy of the 
system which we are considering, it is really so defined as to include that 


energy which might be described as mutual to that system and external 
bodies. 
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involving also the q’s but not the a’s ; that the potential energy, 
when it exists, is function of the q’s and a’s; and that the 
total energy, when it exists, is function of the p’s (or q’s), the 
q's, and the a’s. In expressions like de/dq,, the p’s, and not 
the q’s, are to be taken as independent variables, as has already 
been stated with respect to the kinetic energy. 

Let us imagine a great number of independent systems, 
identical in nature, but differing in phase, that is, in their 
condition with respect to configuration and velocity. The 
forces are supposed to be determined for every system by the 
same law, being functions of the codrdinates of the system 
91> +++ Qn» either alone or with the codrdinates a,, a,, etc. of 
certain external bodies. It is not necessary that they should 
be derivable from a force-function. The external codrdinates 
a, 4, etc. may vary with the time, but at any given time 
have fixed values. In this they differ from the internal 
codrdinates 9,,---Q,, Which at the same time have different 
values in the different systems considered. 

Let us especially consider the number of systems which at a 
given instant fall within specified limits of phase, viz., those 
for which 


py <p E Pr’s qi OS N15 
Pa i P2 < Da. on < 2 < Qa’ (9) 
Pa De OPES Pda Pye PD 


the accented letters denoting constants. We shall suppose 
the differences p,” — p,’, 9, — 4’, ete. to be infinitesimal, and 
that the systems are distributed in phase in some continuous 
manner,* so that the number having phases within the limits 
specified may be represented by 


D (pi — py) ++ Pan” — Pn) Qi” — 1) ++» Gn” — Me), (19) 


* In strictness, a finite number of systems cannot be distributed contin- 
uously in phase. But by increasing indefinitely the number of systems, we 
may approximate to a continuous law of distribution, such as is here 
described. To avoid tedious circumlocution, language like the above may 
be allowed, although wanting in precision of expression, when the sense in 
which it is to be taken appears sufficientlv clear. 


6 VARIATION OF THE 


or more briefly by 
Ddp,... dp, dqy.++ 4; (11) 


where D is a function of the p’s and q’sand in general of ¢ also, 
for as time goes on, and the individual systems change their 
phases, the distribution of the ensemble in phase will in gen- 
eral vary. In special cases, the distribution in phase will 
remain unchanged. These are cases of statistical equilibrium. 

If we regard all possible phases as forming a sort of exten- 
sion of 2 dimensions, we may regard the product of differ- 
entials in (11) as expressing an element of this extension, and 
D as expressing the density of the systems in that element. 
We shall call the product 

dp,...dp,dq,... dq, (12) 
an element of extension-in-phase, and D the density-in-phase 
of the systems. 

It is evident that the changes which take place in the den- 
sity of the systems in any given element of extension-in- 
phase will depend on the dynamical nature of the systems 
and their distribution in phase at the time considered. 

In the case of conservative systems, with which we shall be 
principally concerned, their dynamical nature is completely 
determined by the function which expresses the energy (¢) in 
terms of the p’s, q’s, and a’s (a function supposed identical 
for all the systems); in the more general case which we are 
considering, the dynamical nature of the systems is deter- 
mined by the functions which express the kinetic energy (e,) 
in terms of the p’s and q’s, and the forces in terms of the 
qs and a’s. The distribution in phase is expressed for the 
time considered by D as function of the p’s and q’s. To find 
the value of dD/dt for the specified element of extension-in- 
phase, we observe that the number of systems within the 
limits can only be varied by systems passing the limits, which 
may take place in 4n different ways, viz., by the p, of a sys- 
tem passing the limit py, or the limit Py, or by the gq, of a 


system passing the limit q,’, or the limit g,”, etc. Let us 
consider these cases separately. 
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In the first place, let us consider the number of systems 
which in the time dé pass into or out of the specified element 
by p, passing the limit p,’.. It will be convenient, and it is 
evidently allowable, to suppose dt so small that the quantities 
Pr dt, 91 dt, etc., which represent the increments of p,, ¢,, etc., 
in the time d¢ shall be infinitely small in comparison with 
the infinitesimal differences p,” — p,’, 9,” — q,', etc., which de- 
termine the magnitude of the element of extension-in-phase. 
The systems for which p, passes the limit p,’ in the interval 
dt are those for which at the commencement of this interval 
the value of p, lies between p,’ and p,’ — p, dt, as is evident 
if we consider separately the cases in which p, is positive and 
negative. Those systems for which p, lies between these 
limits, and the other p’s and q’s between the limits specified in 
(9), will therefore pass into or out of the element considered 
according as p is positive or negative, unless indeed they also 
pass some other limit specified in (9) during the same inter- 
val of time. But the number which pass any two of these 
limits will be represented by an expression containing the 
square of dt as a factor, and is evidently negligible, when dt 
is sufficiently small, compared with the number which we are 
seeking to evaluate, and which (with neglect of terms contain- 
ing dt?) may be found by substituting p, at for p,” — p,’ ic 
(10) or for dp, in (11). 

The expression 

Dp, dt dp,... dp, dq... dq, (13) 
will therefore represent, according as it is positive or negative, 
the increase or decrease of the number of systems within the 
given limits which is due to systems passing the limit p,’. A 
similar expression, in which however D and p will have 
slightly different values (being determined for p,” instead of 
p,’), will represent the decrease or increase of the number of 
systems due to the passing of the limit p,”. The difference 
of the two expressions, or 


d(D fz 
“Pd UC Magid atdayadt (14) 
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will represent algebraically the decrease of the number of 
systems within the limits due to systems passing the limits p,’ 


and p,”. a 4 
The decrease in the number of systems within the limits 


due to systems passing the limits g,’ and 9,” may be found in 
the same way. This will give 
(eee ts —) dir. aD GT. ae gee eB 
dp, dq 
for the decrease due to passing the four limits py’, py”, 15 91’ 
But since the equations of motion (8) give 


dp, , dq, 
—+—~=0 16 
dp, dn ; ae 
the expression reduces to 
dD . aD - 
— — q,) dp,...dp,dqi... dg, dt. 17 
Ge Pit dds is) Py Pn X91 g (17) 


If we prefix = to denote summation relative to the suffixes 
1...%, we get the total decrease in the number of systems 
within the limits in the time dt. That is, 


dD. aD. 
ae — dp,... dp, dq,...dq, dt = 
(Genter) Py ‘Pn U1 qg 
_ dD dp, eee dp, dq; eee Any (18) 


dD Dp FD. 
or Cais — 2 (= Por dai i); (19) 
where the suffix applied to the differential coefficient indicates 


that the p’s and q’s are to be regarded as constant in the differ- 
entiation. The condition of statistical equilibrium is therefore 


S ( aise ‘oe ) =0 20 

dp,"** dq? ” 

If at any instant this condition is fulfilled for all values of the 
p’s and q’s, (dD/dt),,, vanishes, and therefore the condition 
will continue to hold, and the distribution in phase will be 
permanent, so long as the external codrdinates remain constant. 


But the statistical equilibrium would in general be disturbed 
by a change in the values of the external coordinates, which 


DENSITY-IN-PHASE. 9 


would alter the values of the p’s as determined by equations 
(8), and thus disturb the relation expressed in the last equation. 
If we write equation (19) in the form 


dD dD 
“ae a +3 ( pdt + F- qidt) =0, (21) 


it will be seen to express a theorem of remarkable simplicity. 
Since D is a function of ¢, p,, +--+ Par Q5+++Qn» its complete 
differential will consist of parts due to the variations of all 
these quantities. Now the first term of the equation repre- 
sents the increment of D due to an increment of ¢ (with con- 
stant values of the p’s and q’s), and the rest of the first member 
represents the increments of D due to increments of the p’s 


and q’s, expressed by p, dt, q, dt, etc. But these are precisely 
the increments which the p’s and q’s receive in the movement 
of a system in the time dt. The whole expression represents 
the total increment of D for the varying phase of a moving 
system. We have therefore the theorem: — 

In an ensemble of mechanical systems identical in nature and 
subject to forces determined by identical laws, but distributed 
in phase in any continuous manner, the density-in-phase 1s 
constant in time for the varying phases of a moving system ; 
provided, that the forces of a system are functions of its co- 
ordinates, either alone or with the time.* 

This may be called the principle of conservation of density- 
in-phase. It may also be written 


ee oy 


where a,... h represent the arbitrary constants of the integral 
equations of motion, and are suffixed to the differential co- 


* The condition that the forces F,,.../, are functions of g,,...qn and 
1, Mg, etc., which last are functions of the time, is analytically equivalent 
to the condition that F,, .../, are functions of q,,...qn and the time. 
Explicit mention of the external coordinates, a,, a2, etc., has been made in 
the preceding pages, because our purpose will require us hereafter to con- 
sider these coordinates and the connected forces, Aj, Ag, etc., which repre- 
sent the action of the systems on external bodies. 
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efficient to indicate that they are to be regarded as constant 
in the differentiation. 

We may give to this principle a slightly different expres- 
sion. Let us call the value of the integral 


fo fei todas da (23) 


taken within any limits the extension-in-phase within those 
limits. 

When the phases bounding an extension-in-phase vary in 
the course of time according to the dynamical laws of a system 
subject to forces which are functions of the codrdinates either 
alone or with the time, the value of the extension-in-phase thus 
bounded remains constant. In this form the principle may be 
called the principle of conservation of extension-in-phase. In 
some respects this may be regarded as the most simple state- 
ment of the principle, since it contains no explicit reference 
to an ensemble of systems. 

Since any extension-in-phase may be divided into infinitesi- 
mal portions, it is only necessary to prove the principle for 
an infinitely small extension. The number of systems of an 
ensemble which fall within the extension will be represented 
by the integral 


for [Darr drndan..- day 


If the extension is infinitely small, we may regard D as con- 
stant in the extension and write 


Df... f dor... dpydar.. +d 


for the number of systems. The value of this expression must 
be constant in time, since no systems are supposed to be 
created or destroyed, and none can pass the limits, because 
the motion of the limits is identical with that of the systems. 
But we have seen that D is constant in time, and therefore 


the integral 
foe fer dra... day, 
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which we have called the extension-in-phase, is also constant 
in time.* 

Since the system of codrdinates employed in the foregoing 
discussion is entirely arbitrary, the values of the coordinates 
relating to any configuration and its immediate vicinity do 
not impose any restriction upon the values relating to other 
configurations. The fact that the quantity which we have 
called density-in-phase is constant in time for any given sys- 
tem, implies therefore that its value is independent of the 
codrdinates which are used in its evaluation. For let the 
density-in-phase as evaluated for the same time and phase by 
one system of codrdinates be D,’, and by another system D,’. 
A system which at that time has that phase will at another 
time have another phase. Let the density as calculated for 
this second time and phase by a third system of codrdinates 
be D,". Now we may imagine a system of codrdinates which 
at and near the first configuration will coincide with the first 
system of codrdinates, and at and near the second configuration 
‘will coincide with the third system of coordinates. This will 
give D,'’ = D,". Again we may imagine a system of codrdi- 
nates which at and near the first configuration will coincide 
with the second system of codrdinates, and at and near the 


* If we regard a phase as represented by a point in space of 2n dimen- 
sions, the changes which take place in the course of time in our ensemble of 
systems will be represented by a current in such space. This current will 
be steady so long as the external codrdinates are not varied. In any case 
the current will satisfy a law which in its various expressions is analogous 
to the hydrodynamic law which may be expressed by the phrases conserva- 
tion of volumes or conservation of density about a moving point, or by the equation 


The analogue in statistical mechanics of this equation, viz., 


dp, , 4q1 , Ape , 44s we 
dn ded te 
may be derived directly from equations (3) or (6), and may suggest such 
theorems as have been enunciated, if indeed it is not regarded as making 
them intuitively evident. The somewhat lengthy demonstrations given 
above will at least serve to give precision to the notions involved, and 
familiarity with their use. 
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second configuration will coincide with the third system of 
cotrdinates. This will give D,’ = D,". We have therefore 
Dies Ds 

It follows, or it may be proved in the same way, that the 
value of an extension-in-phase is independent of the system 
of codrdinates which is used in its evaluation. This may 
easily be verified directly. If 9,,-.-Qn» G1>+++ Q, are two 
systems of codrdinates, and p,,--- Pa, P,,-..P, the cor- 
responding momenta, we have to prove that 


fof arses donde -day= ff dr. dPad QQ (24) 


when the multiple integrals are taken within limits consisting 
of the same phases. And this will be evident from the prin- 
ciple on which we change the variables in a multiple integral, 
if we prove that 

A Fas ts, Leen Obata 

G( pi, +++ Pay Qtr + ++ Yn) at we 
where the first member of the equation represents a Jacobian 
or functional determinant. Since all its elements of the form 
dQ/dp are equal to zero, the determinant reduces to a product 
of two, and we have to prove that 


d(Py..-P,) HQ, - ++ A) _ 

A Pry +++ Pn) A(Qiy +++ Gn) 
We may transform any element of the first of these deter- 
minants as follows. By equations (2) and (8), and in 
view of the fact that the @’s are linear functions of the q’s 
and therefore of the p’s, with coefficients involving the q’s, 


so that a differential coefficient of the form dQ,/Ap, is function 
of the q’s alone, we get * 


(26) 


* The form of the equation 
d dep d dep 
dpy dQa dQr dpy 
in (27) reminds us of the fundamental identity in the differential calculus 
relating to the order of differentiation with respect to independent variables. 


But it will be observed that here the variables Qe and py are not independent 
and that the proof depends on the linear relation between the Q’s and the p’s. 
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qP,_d de, = de, 201) 
dp, dp, dQ, =1\dQ, dQ, dp, 


d t="; de, dQ; d de, dq, 
— an 5 ee a en 2 
dQ, AGé ne dQ, dp, dQ, C8, 
ena ac 
But since ys a ( dO, @,); 
dq, _ a, 
dQ, dQ. ad 
Therefore, 
d(Py, +++ Py) _ dn, sin Gn). Qi) +. + Gn) (29) 
d( pi, s¢ = pa) d(Q1, opie ks Qn) d(Q,, que 9 Qn) 
The equation to be proved is thus reduced to 
dq, ere Yn) d(, ars fe On) oF 1 (30) 


GE Orch. SOOPA GE AssiGn). vor’ 


which is easily proved by the ordinary rule for the multiplica- 
tion of determinants. 

The numerical value of an extension-in-phase will however 
depend on the units in which we measure energy and time. 
For a product of the form dp dq has the dimensions of energy 
multiplied by time, as appears from equation (2), by which 
the momenta are defined. Hence an extension-in-phase has 
the dimensions of the nth power of the product of energy 
and time. In other words, it has the dimensions of the nth 
power of action, as the term is used in the ‘ principle of Least 
Action.’ 

If we distinguish by accents the values of the momenta 
and cotrdinates which belong to a time ¢, the unaccented 
letters relating to the time ¢, the principle of the conserva- 
tion of extension-in-phase may be written 


fo farresdondir dan fi f dpi. dps! dass (81) 


or more briefly 


fon fer dias fap... das (32) 
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the limiting phases being those which belong to the same 
systems at the times ¢ and ¢ respectively. But we have 


identically 


ofr ota f HB aa 


for such limits. The principle of conservation of extension-in- 
phase may therefore be expressed in the form 


A Pry + + + In) 
, =f 33 
Ups» ax) ey 
This equation is easily seas directly. For we have 
identically 


U( Pry +++ Gn) _ UPry ++ + Yn) UM pr's «+ + Mn!) 

CSE nL Se le ee Ab ee 
where the double accents distinguish the values of the momenta 
and codrdinates for a time ¢’. If we vary t, while ¢ and ¢” 
remain constant, we have 


d Apr, s ‘ee Qn) = apy", Sis Qn'') d apr, Les Yn) (84) 
dt dp, .s. qi) AC pep. sgn) dtd py!h gl) 
Now since the time ¢” is entirely arbitrary, nothing prevents 


us from making ¢” identical with ¢ at the moment considered. 
Then the determinant 


api; s=-9s) 
d( pr”, «++ Yai") 
will have unity for each of the elements on the principal 
diagonal, and zero for all the other elements. Since every 
term of the determinant except the product of the elements 
on the principal diagonal will have two zero factors, the differen- 
tial of the determinant will reduce to that of the product of 
these elements, 7. ¢., to the sum of the differentials of these 
elements. This gives the equation 
@ d( pry +++ Qn) dp dp dg 
= Z WL = “hn 71 dq, 
dt d(p,", ...q,!) dp" * dp,ii "ts Ags 7 dg,l! 
Now since ¢ = ¢’, the double accents in the second member 


of this equation may evidently be neglected. This will give, 
in virtue of such relations as (16), 
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ad d(py,-- ae at 
dt d( py", ... qn!) 


which substituted in (84) will give 


d Api, +++ Ge) _ 9 

dt d( py’, «++ Qn!) ; 
The determinant in this equation is therefore a constant, the 
value of which may be determined at the instant when t=, 
when it is evidently unity. Equation (83) is therefore 
demonstrated. 

Again, if we write a,...h for a system of 27 arbitrary con- 
stants of the integral equations of motion, p,, q,, etc. will be 
functions of a,...h, and t, and we may express an extension- 
in-phase in the form 


i [ee “pet # da... dh. (35) 


If we suppose the limits rae by values of a,...h, a 
system initially at the limits will remain at the limits. 
The principle of conservation of extension-in-phase requires 
that an extension thus bounded shall have a constant value. 
This requires that the determinant under the integral sign 
shall be constant, which may be written 

d d( py, +++ Gn) 

did Gite ices Sd 
This equation, which may be regarded as expressing the prin- 
ciple of conservation of extension-in-phase, may be derived 
directly from the identity 


D(Pry +++ Yn) _ (Pry +++ Gn) U pr, «+» W') 
O(Gnks ha AED ye 8 Yq! eld Gyr ke 
in connection with equation (83). 

Since the coédrdinates and momenta are functions of a,... h, 
and t, the determinant in (36) must be a function of the same 
variables, and since it does not vary with the time, it must 
be a function of a,...halone. We have therefore 


d(p1; hou Yn) 


Ma, Ph) = tunes (a, 2): (37) 
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It is the relative numbers of systems which fall within dif- 
ferent limits, rather than the absolute numbers, with which we 
are most concerned. It is indeed only with regard to relative 
numbers that such discussions as the preceding will apply 
with literal precision, since the nature of our reasoning implies 
that the number of systems in the smallest element of space 
which we consider is very great. This is evidently inconsist- 
ent with a finite value of the total number of systems, or of 
the density-in-phase. Now if the value of D is infinite, we 
cannot speak of any definite number of systems within any 
finite limits, since all such numbers are infinite. But the 
ratios of these infinite numbers may be perfectly definite. If 
we write WV for the total number of systems, and set 


D 
P=5, (38) 


P may remain finite, when WV and D become infinite. The 


integral 
fo [P er te (39) 


taken within any given limits, will evidently express the ratio 
of the number of systems falling within those limits to the 
whole number of systems. This is the same thing as the 
probability that an unspecified system of the ensemble (7. e. 
one of which we only know that it belongs to the ensemble) 
will lie within the given limits. The product 


Pdp,... dq, (40) 
expresses the probability that an unspecified system of the 
ensemble will be found in the element of extension-in-phase 
dp, ...dq,. We shall call P the coefficient of probability of the 
phase considered. Its natural logarithm we shall call the 
index of probability of the phase, and denote it by the letter 7. 

If we substitute VP and Ve" for D in equation (19), we get 


aP dP . 
(F) = os (= Pi Gas. Tq, is) (41) 


Se eee ee 
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The condition of statistical equilibrium may be expressed 
by equating to zero the second member of either of these 
equations. 

The same substitutions in (22) give 


d R 
(F a, MATT °, ee 
dn Se 
ne Giec Gy 


That is, the values of P and 7, like those of D, are constant 
in time for moving systems of the ensemble. From this point 
of view, the principle which otherwise regarded has been 
called the principle of conservation of density-in-phase or 
conservation of extension-in-phase, may be called the prin- 
ciple of conservation of the coefficient (or index) of proba- 
bility of a phase varying according to dynamical laws, or 
more briefly, the principle of conservation of probability of 
phase. It is subject to the limitation that the forces must be 
functions of the codrdinates of the system either alone or with 
the time. 

The application of this principle is not limited to cases in 
which there is a formal and explicit reference to an ensemble of 
systems. Yet the conception of such an ensemble may serve 
to give precision to notions of probability. It is in fact cus- 
tomary in the discussion of probabilities to describe anything 
which is imperfectly known as something taken at random 
from a great number of things which are completely described. 
But if we prefer to avoid any reference to an ensemble 
of systems, we may observe that the probability that the 
phase of a system falls within certain limits at a certain time, 
is equal to the probability that at some other time the phase 
will fall within the limits formed by phases corresponding to 
the first. For either occurrence necessitates the other. That 
is, if we write P’ for the coefficient of probability of the 
phase p,’,... 4, at the time ?’, and P” for that of the phase 
fr’, +++! at the time ¢”, 
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fo feu Bee ale Lf Pr apy". daa (45) 


where the limits in the two cases are formed by corresponding 
phases. When the integrations cover infinitely small vari- 
ations of the momenta and codrdinates, we may regard P’ and 
P" as constant in the integrations and write 


Pf... fap... dad! = Ptf .. f dpi. dan! 


Now the principle of the conservation of extension-in-phase, 
which has been proved (viz., in the second demonstration given 
above) independently of any reference to an ensemble of 
systems, requires that the values of the multiple integrals in 
this equation shall be equal. This gives 


PSE eat 


With reference to an important class of cases this principle 
may be enunciated as follows. 

When the differential equations of motion are exactly known, 
but the constants of the integral equations imperfectly deter- 
mined, the coefficient of probability of any phase at any time is 
equal to the coefficient of probability of the corresponding phase 
at any other time. By corresponding phases are meant those 
which are calculated for different times from the same values 
of the arbitrary constants of the integral equations. 

Since the sum of the probabilities of all possible cases is 
n2cessarily unity, it is evident that we must have 


fe fPan d=, (46) 
phases 


where the integration extends over all phases. This is indeed 
only a different form of the equation 


all 
W=f...[Dap....dans 
phases 


which we may regard as defining NW. 


PROBABILITY OF PHASE. 19 


The values of the coefficient and index of probability of 
phase, like that of the density-in-phase, are independent of the 
system of codrdinates which is employed to express the distri- 
bution in phase of a given ensemble. 

In dimensions, the coefficient of probability is the reciprocal 
of an extension-in-phase, that is, the reciprocal of the nth 
power of the product of time and energy. The index of prob- 
ability is therefore affected by an additive constant when we 
change our units of time and energy. If the unit of time is 
multiplied by ¢, and the unit of energy is multiplied by ¢., all 
indices of probability relating to systems of m degrees of 
freedom will be increased by the addition of 


n log ¢, + n log «. (47) 


CHAPTER II. 


APPLICATION OF THE PRINCIPLE OF CONSERVATION 
OF EXTENSION-IN-PHASE TO THE THEORY 
OF ERRORS. 


LET us now proceed to combine the principle which has been 
demonstrated in the preceding chapter and which in its differ- 
ent applications and regarded from different points of view 
has been variously designated as the conservation of density- 
in-phase, or of extension-in-phase, or of probability of phase, 
with those approximate relations which are generally used in 
the ‘theory of errors.’ 

We suppose that the differential equations of the motion of 
a system are exactly known, but that the constants of the 
integral equations are only approximately determined. It is 
evident that the probability that the momenta and codrdinates 
at the time ¢’ fall between the limits p,' and p,’ + dp,', g,' and 
qi’ + dq,', etc., may be expressed by the formula 

et dp... dqy', (48) 

where 7’ (the index of probability for the phase in question) is 
a function of the codrdinates and momenta and of the time. 

Let Q,', P,’, etc. be the values of the codrdinates and momenta 
which give the maximum value to 7’, and let the general 
value of 7! be developed by Taylor’s theorem according to 
ascending powers and products of the differences p,’ — P,’, 
q;' — Q,', ete., and let us suppose that we have a sufficient 


approximation without going beyond terms of the second 
degree in these differences. We may therefore set 


n =c— F', (49) 


where ¢ is independent of the differences py — Pi, a — Oy 
etc.. and ¥’ is a homogeneous quadratic function of these 
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differences. The terms of the first degree vanish in virtue 
of the maximum condition, which also requires that ¥’ must 
have a positive value except when all the differences men- 
tioned vanish. If we set 


C= €, (50) 


we may write for the probability that the phase lies within 
the limits considered 


Ce" dpy!... dgy!. (51) 


C is evidently the maximum value of the coefficient of proba- 
bility at the time considered. 

In regard to the degree of approximation represented by 
these formule, it is to be observed that we suppose, as is 
usual in the ‘theory of errors,’ that the determination (ex- 
plicit or implicit) of the constants of motion is of such 
precision that the coefficient of probability e” or Ce-”’ is 
practically zero except for very small values of the differences 
py — Py, a! — Q, etc. For very small values of these 
differences the approximation is evidently in general sufficient, 
for larger values of these differences the value of Ce~”’ will 
be sensibly zero, as it should be, and in this sense the formula 
will represent the facts. 

We shall suppose that the forces to which the system is 
subject are functions of the codrdinates either alone or with 
the time. The principle of conservation of probability of 
phase will therefore apply, which requires that at any other 
time (¢') the maximum value of the coefficient of probability 
shall be the same as at the time ¢/, and that the phase 
(P,", Q,", ete.) which has this greatest probability-coefficient, 
shall be that which corresponds to the phase (P,', Q,', etc.), 
7. @., which is calculated from the same values of the constants 
of the integral equations of motion. 

We may therefore write for the probability that the phase 
at the time ¢” falls within the limits p," and p,” + dp,", 9g," 
and g,” + dq,", etc., 


Ce-F" dp,!' ... dga!', (52) 
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where C’ represents the same value asin the preceding 
formula, viz., the constant value of the maximum coefficient 
of probability, and #” is a quadratic function of the differences 
py! — Py!', a" — Q,", ete., the phase (P,", Q," etc.) being that 
which at the time ¢” corresponds to the phase (P,’, Q,’, ete.) 
at the time 7’. 

Now we have necessarily 


J ve, af Ce-F dil... ae iE ee sf! Ce-F" dp! ...dgd’=1, (68) 


when the integration is extended over all possible phases. 
it will be allowable to set + o for the limits of all the codr- 
dinates and momenta, not because these values represent the 
actual limits of possible phases, but because the portions of 
the integrals lying outside of the limits of all possible phases 
will have sensibly the value zero. With + o for limits, the 
equation gives 

CRIS ee (54) 

V/. ‘f! / al 
where /’ is the discriminant * of F’, and f” that of #”. This 
discriminant is therefore constant in time, and like C an abso- 
lute invariant in respect to the system of codrdinates which 
may be employed. In dimensions, like C%, it is the reciprocal 
of the 2nth power of the product of energy and time. 

Let us see precisely how the functions F’ and F” are related. 
The principle of the conservation of the probability-coefficient 
requires that any values of the codrdinates and momenta at the 
time ¢’ shall give the function F’ the same value as the corre- 
sponding codrdinates and momenta at the time ¢” give to #”. 
Therefore #” may be derived from F’ by substituting for 
py', »».G,' their values in terms of py") +++» Now we 
have approximately 


* This term is used to denote the determinant having for elements on the 
principal diagonal the coefficients of the squares in the quadratic function 


ne for its other elements the halves of the coefficients of the products 
in FP’, 
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ae! i : dP,! 
pi! — P= ap (pi! — Py). 0+ dq, (Qn!! — Qui") 
athe era ate Nite arya inks pine exer sss SPR tue (55) 
dQ, dQ! 
qn — Q,' = iP," (pl! — Py") oe + dq, (gal! — Qn!"), 


and as in #’” terms of higher degree than the second are to be 
neglected, these equations may be considered accurate for the 
purpose of the transformation required. Since by equation 
(83) the eliminant of these equations has the value unity, 
the discriminant of F” will be equal to that of F’, as has 
already appeared from the consideration of the principle of 
conservation of probability of phase, which is, in fact, essen- 
tially the same as that expressed by equation (83). 

At the time ?¢’, the phases satisfying the equation 


F! =k, (56) 
where & is any positive constant, have the probability-coeffi- 
cient Ce*. At the time ¢”, the corresponding phases satisfy 


the equation 
Fv =k, (57) 


and have the same probability-coefficient. So also the phases 
within the limits given by one or the other of these equations 
are corresponding phases, and have _probability-coefficients 
greater than Ce, while phases without these limits have less 
probability-coefficients. ‘The probability that the phase at 
the time ¢’ falls within the limits F’= zk is the same as the 
probability that it falls within the limits F” = k at the time ¢”, 
since either event necessitates the other. This probability 
may be evaluated as follows. We may omit the accents, as 
we need only consider a single time. Let us denote the ex- 
tension-in-phase within the limits / = k by UV, and the prob- 
ability that the phase falls within these limits by #, also the 
extension-in-phase within the limits /=1 by U,. We have 
then by definition 


F=f 
U =f... fdr... das (58) 
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F=k 
Raf... Cerdp.-- dam (59) 


K=1 
U, =>. ftps eer Es (60) 


But since F is a homogeneous quadratic function of the 
differences 
Pi — Pi, Po — Pay +++ In — Qn 
we have identically 
F=k 
fe fea-P)- -» (Gn — Qn) 


kF=k 
= . [edn = Pi) » ++ (gn — Qn) 


=k i scafea preeePy?. 2dlqe SS: 


That is U=k U,, (61) 
whence dU = U,n ke dk. (62) 
But if & varies, equations (58) and (59) give 
F=k+dk 
av={...fdp...dg, (63) 
F=k 
F=kt+dk 
aR=f...[ Cerdp... dg | (64) 
F=k : 


Since the factor Ce-* has the constant value Ce-* in the 
last multiple integral, we have 


dR = Ce*dU =O U,ne* k™ dk, (65) 
k? kr 
R=—OUinet(1+k+ 5 +.-.+ Gz) + const (66) 


We may determine the constant of integration by the condition 
that R vanishes with k. This gives 
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i? kr 
R=CUn—CUmer(1tk+ ot. hipaa) (67) 
We may determine the value of the constant U, by the con- 
dition that R =1fork= o. This gives C Be |[n = 1, and 


R=1-e(1 +k+e 


— k" 
ia 
It is worthy of notice that the form of these equations de- 
pends only on the number of degrees of freedom of the system, 
being in other respects independent of its dynamical nature, 
except that the forces must be functions of the codrdinates 
either alone or with the time. 
If we write 


mara (68) 
(69) 


aot 
for ae value of & which substituted in equation (68) will give 
R = }, the phases determined by the equation 
F= ke, (70) 
will have the following properties. 

The probability that the phase falls within the limits formed 
by these phases is greater than the probability that it falls 
within any other limits enclosing an equal extension-in-phase. 
It is equal to the probability that the phase falls without the 
same limits. 

These properties are analogous to those which in the theory 
of errors in the determination of a single quantity belong to 


values expressed by A+ a, when A is the most probable 
value and a the ‘probable error.’ 


CHAPTER III. 


APPLICATION OF THE PRINCIPLE OF CONSERVATION OF 
EXTENSION-IN-PHASE TO THE INTEGRATION OF THE 
DIFFERENTIAL EQUATIONS OF MOTION.* 


WE have seen that the principle of conservation of exten- 
sion-in-phase may be expressed as a differential relation be- 
tween the cotrdinates and momenta and the arbitrary constants 
of the integral equations of motion. Now the integration of 
the differential equations of motion consists in the determina- 
tion of these constants as functions of the codrdinates and 
momenta with the time, and the relation afforded by the prin- 
ciple of conservation of extension-in-phase may assist us in 
this determination. 

It will be convenient to have a notation which shall not dis- 
tinguish between the codrdinates and momenta. If we write 
1, +++ Tm for the codrdinates and momenta, and a... h as be- 
fore for the arbitrary constants, the principle of which we 
wish to avail ourselves, and which is expressed by equation 
(87), may be written 

A Cea 
SCRE = fune.(a,... h). (71) 

Let us first consider the case in which the forces are deter- 
mined by the codrdinates alone. Whether the forces are 
‘conservative’ or not is immaterial. Since the differential 
equations of motion do not contain the time (¢) in the finite 
form, if we eliminate dt from these equations, we obtain 27 —1 
equations in 7,,...7, and their differentials, the integration 
of which will introduce 2 — 1 arbitrary constants which we 
shall call 6...h. If we can effect these integrations, the 

* See Boltzmann: “Zusammenhang zwischen den Sitzen iiber das Ver- 


halten mehratomiger Gasmoleciile mit Jacobi’s Princip des letzten Multi- 
plicators. Sitzb. der Wiener Akad., Bd. LXIII, Abth. IL, S. 679, (1871). 
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remaining constant (@) will then be introduced in the final 
integration, (viz., that of an equation containing dt,) and will 
be added to or subtracted from ¢ in the integral equation. 
Let us have it subtracted from t. It is evident then that 


dr, : dr, : 
one =—__— T1> dee — el [25 etc. (72) 
Moreover, since 0, . .. A and t — aare independent functions 


of r,, +++ 7%, the latter variables are functions of the former. 
The Jacobian in (71) is therefore function of 6,...h, and 
t — a, and since it does not vary with ¢ it cannot vary with a. 
We have therefore in the case considered, viz., where the 
forces are functions of the codrdinates alone, 


Hvis oo eliet 
“aie. chy fune. (b, ... A). (73) 
Now let us suppose that of the first 2m — 1 integrations we 


have accomplished all but one, determining 2 — 2 arbitrary 


constants (say ¢,... has functions of r,,... 7.,, leaving das 
well as a to be determined. Our 2 — 2 finite equations en- 
able us to regard all the variables r,,... 7,, and all functions 


of these variables as functions of two of them, (say r, and 7,) 
with the arbitrary constants c,...h. To determine 6, we 
have the following equations for constant values of ¢,... h. 


ee aa eas 


da 
_ ar, dr, 
dr, = di: da + ap db, 
d(r,, ro) __ ars dr, 
whence TORS db = Beers dr, Snr ao To (74) 


Now, by the ordinary formula for the fs of variables, 


d(ry, 7 
ike ae jp aa adbdrz. gp elaedi 


A(ry, «++ Ton) ; Ag) 
= ine Aas. “d(a,...h) eR TL 


dri, ++ ten) Ue 2-H) 
a Bs en Terr) VER ats + + Un 
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where the limits of the multiple integrals are formed by the 
same phases. Hence 
A(ry,%2) _ A(T1, «+ + Tan) d(c,...h) 
da, b) — da, «chy id (ry3 ss sm)” 
With the aid of this equation, which is an identity, and (72), 
we may write equation (74) in the form 
A(r,,++»Tan) Ac, ...h) 
d(a,...h) d(rs,.-- Tan) 


The separation of the variables is now easy. The differen- 


(75) 


db =r, dr, —-r, dry, (76) 


tial equations of motion give 7, and r, in terms of 11, ~~ + Ton: 
The integral equations already obtained give c,...A and 
therefore the Jacobian d(c, ...h)/d(rg, - + T,), in terms of 
the same variables. But in virtue of these same integral 
equations, we may regard functions of r,,... 7, a8 functions 
of r, and 7, with the constants c,...h. If therefore we write 
the equation in the form 
a > a priv tied Y 
FEA MTUNG EO, (CHNFST) Ate ares 
Ae: +103 Fa0) A(13, -.+ Tan) 
the coefficients of dr, and dr, may be regarded as known func- 
tions of r, and r, with the constants ¢,...h. The coefficient 
of db is by (73) a function of b,.... It is not indeed a 
known function of these quantities, but since c,...h are 
regarded as constant in the equation, we know that the first 
member must represent the differential of some function of 
b,...h, for which we may write 0’. We have thus 


ar., (77) 


[2 5 
adie (CORP egrr CTR) ct ht 
A( 155 «<= Tay) Orgone) 
which may be integrated by quadratures and gives 0’ as func- 
tions of r,, 7,,...¢,...A,and thus as function of Tip Pe 


This integration gives us the last of the arbitrary constants 
which are functions of the codrdinates and momenta without 
the time. The final integration, which introduces the remain- 
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ing constant (a), is also a quadrature, since the equation to 
be integrated may be expressed in the form 


dt = F (1) ar,. 


Now, apart from any such considerations as have been ad- 
duced, if we limit ourselves to the changes which take place 
in time, we have identically 


7, ar, — r, dr, = 0, 


and r, and r, are given in terms of 7,,... 75, by the differential 
equations of motion. When we have obtained 2 n — 2 integral 
equations, we may regard r, and 7, as known functions of 7, 
and r,. The only remaining difficulty is in integrating this 
equation. If the case is so simple as to present no difficulty, 
or if we have the skill or the good fortune to perceive that the 
multiplier 


1 
Cee hs (79) 
Ais, "2+ Fan) 


or any other, will make the first member of the equation an 
exact differential, we have no need of the rather lengthy con- 
siderations which have been adduced. The utility of the 
principle of conservation of extension-in-phase is that it sup- 
plies a ‘ multiplier’ which renders the equation integrable, and 
which it might be difficult or impossible to find otherwise. 

It will be observed that the function represented by 0’ is a 
particular case of that represented by 6. The system of arbi- 
trary constants a, 0’, c...h has certain properties notable for 
simplicity. If we write 0’ for 6 in (77), and compare the 
result with (78), we get 


G(s ia Lon) 


(a, 0! cova nh)- 7 ie GY) 


Therefore the multiple integral 


fo faa att de... an (81) 
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taken within limits formed by phases regarded as contempo- 
raneous represents the extension-in-phase within those limits. 

The case is somewhat different when the forces are not de- 
termined by the codrdinates alone, but are functions of the 
codrdinates with the time.. All the arbitrary constants of the 
integral equations must then be regarded in the general case 
as functions of 7,,.--+ 7 n, and t. We cannot use the princi- 
ple of conservation of extension-in-phase until we have made 
2n—1integrations. Let us suppose that the constants },...A 
have been determined by integration in terms of 7,, ...79,,and 
t, leaving a single constant (a) to be thus determined. Our 
2n —1 finite equations enable us to regard all the variables 
11+ ++ Ton a8 functions of a single one, say 7. 

For constant values of 6,...h, we have 


dr, = es ; 
1= Gq d+ 1 dt. (82) 


hf RR Myon P= 
pat ary Pen) 
=f [aa we 


wi QD iis ete Tan) et i 
a1 5h Ades hy dra. fe) da dry .. + arm; 


where the limits of the integrals are formed by the same 
phases. We have therefore 


dr, d(r,,.-- Tan) d(b,...h) 


dai day tu RTM ryyie Faye (83) 
by which equation (82) may be reduced to the form 
NGORIE ATO. 1 r 
d(Gy os oh) = Opa Be! wee ey te 
A(tayinee Ton) Ars)... Tap) 
Now we know by (71) that the coefficient of da is a func- 
tion of a,...h. Therefore, as b,...h are regarded as constant 


in the equation, the first nuraber represents the differential 
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of a function of a,...h, which we may denote by a’. We 
have then 


1 r,! 
[ici ant TEA gs a ath ae ER 
oat eeu og ny yond amb 7 RRR Aa (85) 
ad(re, oe Ten) d(r2, a 9-0 Ten) 


which may be integrated by quadratures. In this case we 
may say that the principle of conservation of extension-in- 
phase has supplied the ‘ multiplier’ 


1 
Ub, ...h) (86) 
A(1a5"'+'. Ten) 
for the integration of the equation 
dr, —r, dt =0. (87) 


The system of arbitrary constants a’, b,...h has evidently 
the same properties which were noticed in regard to the 
system a, b’,...h. 


CHAPTER IV. 


ON THE DISTRIBUTION IN PHASE CALLED CANONICAL, 
IN WHICH THE INDEX OF PROBABILITY IS A LINEAR 
FUNCTION OF THE ENERGY. 


LET us now give our attention to the statistical equilibrium 
of ensembles of conservation systems, especially to those cases 
and properties which promise to throw light on the phenom- 
ena of thermodynamics. 

The condition of statistical equilibrium may be expressed 
in the form * 


> (Fm + . x) = 0, (88) 
where P is the coefficient of probability, or the quotient of 
the density-in-phase by the whole number of systems. To 
satisfy this condition, it is necessary and sufficient that P 
should be a function of the p’s and q’s (the momenta and 
coordinates) which does not vary with the time in a moving 
system. In all cases which we are now considering, the 
energy, or any function of the energy, is such a function. 


P= fune. (e) 


will therefore satisfy the equation, as indeed appears identi- 
cally if we write it in the form 


(= dé dP. ~) = 


dq, dp, dp, dq, 

There are, however, other conditions to which P is subject, 
which are not so much conditions of statistical equilibrium, as 
conditions implicitly involved in the definition of the coeffi- 


% See equations (20), (41), (42), also the paragraph following equation (20). 
The positions of any external bodies which can affect the systems are here 
supposed uniform for all the systems and constant in time. 
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cient of probability, whether the case is one of equilibrium 
or not. These are: that P should be single-valued, and 
neither negative nor imaginary for any phase, and that ex- 
pressed by equation (46), viz., 


all 
of Pap... dg =1, (89) 
phases 
These considerations exclude 
P =e X constant, 
as well as 
P = constant, 


as cases to be considered. 
The distribution represented by 
—e 


= log P= 4 A 


(90) 
or xe 


Ed 
See (91) 


where © and yf are constants, and @ positive, seems to repre- 
sent the most simple case conceivable, since it has the property 
that when the system consists of parts with separate energies, 
the laws of the distribution in phase of the separate parts are 
of the same nature,— a property which enormously simplifies 
the discussion, and is the foundation of extremely important 
relations to thermodynamics. The case is not rendered less 
simple by the divisor ©, (a quantity of the same dimensions as 
e,) but the reverse, since it makes the distribution independent 
of the units employed. The negative sign of ¢ is required by 
(89), which determines also the value of y for any given 
@, viz., 
y all € 
e°=f... fe Pape os ade (92) 
phases 

When an ensemble of systems is distributed in phase in the 

manner described, 7. e., when the index of probability is a 


34 CANONICAL DISTRIBUTION 


linear function of the energy, we shall say that the ensemble is 
canonically distributed, and shall call the divisor of the energy 
(®) the modulus of distribution. 

The fractional part of an ensemble canonically distributed 
which lies within any given limits of phase is therefore repre- 
sented by the multiple integral 


ye 
fon fe? doe codes (93) 


taken within those limits. We may express the same thing 
by saying that the multiple integral expresses the probability 
that an unspecified system of the ensemble (¢. e., one of 
which we only know that it belongs to the ensemble) falls 
within the given limits. 

Since the value of a multiple integral of the form (28) 
(which we have called an extension-in-phase) bounded by any 
given phases is independent of the system of codrdinates by 
which it is evaluated, the same must be true of the multiple 
integral in (92), as appears at once if we divide up this 
integral into parts so small that the exponential factor may be 
regarded as constant in each. The value of w is therefore in- 
dependent of the system of cotrdinates employed. 

It is evident that ~ might be defined as the energy for 
which the coefficient of probability of phase has the value 
unity. Since however this coefficient has the dimensions of 
the inverse nth power of the product of energy and time,* 
the energy represented by yw is not independent of the units 
of energy and time. But when these units have been chosen, 
the definition of y will involve the same arbitrary constant as 
€¢, so that, while in any given case the numerical values of 
yy or € will be entirely indefinite until the zero of energy has 
also been fixed for the system considered, the difference wy—e 
will represent a perfectly definite amount of energy, which is 


entirely independent of the zero of energy which we may 
choose to adopt. 


* See Chapter I, p. 19. 
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It is evident that the canonical distribution is entirely deter- 
mined by the modulus (considered as a quantity of energy) 
and the nature of the system considered, since when equation 
(92) is satisfied the value of the multiple integral (98) is 
independent of the units and of the codrdinates employed, and 
of the zero chosen for the energy of the system. 

In treating of the canonical distribution, we shall always 
suppose the multiple integral in equation (92) to have a 
finite value, as otherwise the coefficient of probability van- 
ishes, and the law of distribution becomes illusory. This will 
exclude certain cases, but not such apparently, as will affect 
the value of our results with respect to their bearing on ther- 
modynamics. It will exclude, for instance, cases in which the 
system or parts of it can be distributed in unlimited space 
(or in a space which has limits, but is still infinite in volume), 
while the energy remains beneath a finite limit. It also 
excludes many cases in which the energy can decrease without 
limit, as when the systém contains material points which 
attract one another inversely as the squares of their distances. 
Cases of material points attracting each other inversely as the 
distances would be excluded for some values of ©, and not 
for others. The investigation of such points is best left to 
the particular cases. For the purposes of a general discussion, 
it is sufficient to call attention to the assumption implicitly 
involved in the formula (92).* 

The modulus © has properties analogous to those of tem- 
perature in thermodynamics. Let the system A be defined as 
one of an ensemble of systems of m degrees of freedom 
distributed in phase with a probability-coefficient 

Wi-& 
e 9 


? 

* It will be observed that similar limitations exist in thermodynamics. In 
order that a mass of gas can be in thermodynamic equilibrium, it is necessary 
that it be enclosed. There is no thermodynamic equilibrium of a (finite) mass 
of gas in an infinite space. Again, that two attracting particles should be 
able to do an infinite amount of work in passing from one configuration 
(which is regarded as possible) to another, is a notion which, although per- 
fectly intelligible in a mathematical formula, is quite foreign to our ordinary 
conceptions of matter. 
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and the system B as one of an ensemble of systems of n 
degrees of freedom distributed in phase with a probability- 
coefficient 

Yas 


e: @ 3 


which has the same modulus. Let 9, - - -ms Pis-- + Pm be the 
coordinates and momenta of A, and Gmiy5 +++ Uminr Pmsis +++ Pmin 
those of B. Now we may regard the systems A and B as 
together forming a system C, having m + nm degrees of free- 
dom, and the codrdinates and momenta g1,.-+ Qmins Pi +++ Pmin: 
The probability that the phase of the system C, as thus defined, 
will fall within the limits 


Dy yc OD rans US p92 OU an 
is evidently the product of the probabilities that the systems 
A and B will each fall within the specified limits, viz., 

Vathz—€,~€, 
e e py <<. ADmin AG] © «> CI mine 


We may therefore regard C as an undetermined system of an 
ensemble distributed with the probability-coefficient 


Vt¥,—(€,+€s) 
2) (2) 


(94) 


(95) 


bd 

an ensemble which might be defined as formed by combining 
each system of the first ensemble with each of the second. 
But since e, +€, is the energy of the whole system, and 
Ww, and Wy, are constants, the probability-coefficient is of the 
general form which we are considering, and the ensemble to 
which it relates is in statistical equilibrium and is canonically 
distributed. 

This result, however, so far as statistical equilibrium is 
concerned, is rather nugatory, since conceiving of separate 
systems as forming a single system does not create any in- 
teraction between them, and if the systems combined belong to 
ensembles in statistical equilibrium, to say that the ensemble 
formed by such combinations as we have supposed is in statis- 
tical equilibrium, is only to repeat the data in different 
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words. Let us therefore suppose that in forming the system 
C we add certain forces acting between A and B, and having 
the force-function — e4,. The energy of the system C is now 
€4 + €g + €4,, and an ensemble of such systems distributed 
with a density proportional to 


—ae € € 

; (e,+ = 13) (96) 
would be in statistical equilibrium. Comparing this with the 
probability-coefficient of C given above (95), we see that if 
we suppose €4, (or rather the variable part of this term when 
we consider all possible configurations of the systems A and B) 
to be infinitely small, the actual distribution in phase of C 
will differ infinitely little from one of statistical equilibrium, 
which is equivalent to saying that its distribution in phase 
will vary infinitely little even in a time indefinitely prolonged.* 
The case would be entirely different if 4 and B belonged to 
ensembles having different,moduli, say @, and @,. The prob- 
ability-coefficient of C would then be 


(97) 


Cvs Bee. 


which is not approximately proportional to any expression of 
the form (96). 

Before proceeding farther in the investigation of the dis- 
tribution in phase which we have called canonical, it will be 
interesting to see whether the properties with respect to 


* Tt will be observed that the above condition relating to the forces which 
act between the different systems is entirely analogous to that which must 
hold in the corresponding case in thermodynamics. The most simple test 
of the equality of temperature of two bodies is that they remain in equilib- 
rium when brought into thermal contact. Direct thermal contact implies 
molecular forces acting between the bodies. Now the test will fail unless 
the energy of these forces can be neglected in comparison with the other 
energies of the bodies. Thus, in the case of energetic chemical action be- 
tween the bodies, or when the number of particles affected by the forces 
acting between the bodies is not negligible in comparison with the whole 
number of particles (as when the bodies have the form of exceedingly thin 
sheets), the contact of bodies of the same temperature may produce con- 
siderable thermal disturbance, and thus fail to afford a reliable criterion of 
the equality of temperature. 
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statistical equilibrium which have been described are peculiar 
to it, or whether other distributions may have analogous 
properties. 

Let 7! and 7” be the indices of probability in two independ- 
ent ensembles which are each in statistical equilibrium, then 
n! + 7! will be the index in the ensemble obtained by combin- 
ing each system of the first ensemble with each system of the 
second. This third ensemble will of course be in statistical 
equilibrium, and the function of phase 7’ + 7” will be a con- 
stant of motion. Now when infinitesimal forces are added to 
the compound systems, if 7’ + 7” or a function differing 
infinitesimally from this is still a constant of motion, it must 
be on account of the nature of the forces added, or if their action 
is not entirely specified, on account of conditions to which 
they are subject. Thus, in the case already considered, 
n' +7" is a function of the energy of the compound system, 
and the infinitesimal forces added are subject to the law of 
conservation of energy. 

Another natural supposition in regard to the added forces 
is that they should be such as not to affect the moments of 
momentum of the compound system. To get a case in which 
moments of momentum of the compound system shall be 
constants of motion, we may imagine material particles con- 
tained in two concentric spherical shells, being prevented from 
passing the surfaces bounding the shells by repulsions acting 
always in lines passing through the common centre of the 
shells. Then, if there are no forces acting between particles in 
different shells, the mass of particles in each shell will have, 
besides its energy, the moments of momentum about three 
axes through the centre as constants of motion. 

Now let us imagine an ensemble formed by distributing in 
phase the system of particles in one shell according to the 


index of probability 
€ 
@ 5 OpedOes ne (98) 


where ¢ denotes the energy of the system, and @,, @,, @,, its 
three moments of momentum, and the other letters constants. 
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In like manner let us imagine a second ensemble formed by 
distributing in phase the system of particles in the other shell 
according to the index 
é’ w,/ we! Ws, 
Som ot ast aha (99) 
where the letters have similar significations, and @, 2,,.0,, 24 
the same values as in the preceding formula. Each of the 
two ensembles will evidently be in statistical equilibrium, and 
therefore also the ensemble of compound systems obtained by 
combining each system of the first ensemble with each of the 
second. In this third ensemble the index of probability will be 
ete wt — ogtw, | ws + ws 
At A cea eto a me 
where the four numerators represent functions of phase which 
are constants of motion for the compound systems. 

Now if we add in each system of this third ensemble infini- 
tesimal conservative forces of attraction or repulsion between 
particles in different shells, determined by the same law for 
all the systems, the functions w, + w’, w, + @,, and w, + w,’ 
will remain constants of motion, and a function differing in- 
finitely little from ¢, + e will be a constant of motion. It 
would therefore require only an infinitesimal change in the 
distribution in phase of the ensemble of compound systems to 
make it a case of statistical equilibrium. These properties are 
entirely analogous to those of canonical ensembles.* 

Again, if the relations between the forces and the codrdinates 
can be expressed by linear equations, there will be certain 
“normal” types of vibration of which the actual motion may 
be regarded as composed, and the whole energy may be divided 


* It would not be possible to omit the term relating to energy in the above 
indices, since without this term the condition expressed by equation (89) 
cannot be satisfied. 

The consideration of the above case of statistical equilibrium may be 
made the foundation of the theory of the thermodynamic equilibrium of 
rotating bodies, —a subject which has been treated by Maxwell in his memoir 
“On Boltzmann’s theorem on the average distribution of energy in a system 
of material points.” Cambr. Phil. Trans., vol. XII, p. 547, (1878). 
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into parts relating separately to vibrations of these different 
types. These partial energies will be constants of motion, 
and if such a system is distributed according to an index 
which is any function of the partial energies, the ensemble will 
be in statistical equilibrium. Let the index be a linear func- 
tion of the partial energies, say 


Apa Eanes peng (101) 


Let us suppose that we have also a second ensemble com- 
posed of systems in which the forces are linear functions of 
the codrdinates, and distributed in phase according to an index 
which is a linear function of the partial energies relating to 
the normal types of vibration, say 

€y 65 


A’ — ie 
@,' On 


(102) 

Since the two ensembles are both in statistical equilibrium, 
the ensemble formed by combining each system of the first 
with each system of the second will also be in statistical 


equilibrium. Its distribution in phase will be represented by 
the index 
€1 Cnn ete Em. 

Arh Alls. Gis @ gti ik Ogos (103) 
and the partial energies represented by the numerators in the 
formula will be constants of motion of the compound systems 
which form this third ensemble. 

Now if we add to these compound systems infinitesimal 
forces acting between the component systems and subject to 
the same general law as those already existing, viz., that they 
are conservative and linear functions of the cotrdinates, there 
will still be + m types of normal vibration, and +m 
partial energies which are independent constants of motion. 
If all the original n + m normal types of vibration have differ- 
ent periods, the new types of normal vibration will differ infini- 
tesimally from the old, and the new partial energies, which are 
constants of motion, will be nearly the same functions of 
phase as the old. Therefore the distribution in phase of the 
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ensemble of compound systems after the addition of the sup- 
posed infinitesimal forces will differ infinitesimally from one 
which would be in statistical equilibrium. 

The case is not so simple when some of the normal types of 
motion have the same periods. In this case the addition of 
infinitesimal forces may completely change the normal types 
of motion. But the sum of the partial energies for all the 
original types of vibration which have any same period, will 
be nearly identical (as a function of phase, 7. ¢., of the codrdi- 
nates and momenta,) with the sum of the partial energies for 
the normal types of vibration which have the same, or nearly 
the same, period after the addition of the new forces. If, 
therefore, the partial energies in the indices of the first two 
ensembles (101) and (102) which relate to types of vibration 
having the same periods, have the same divisors, the same will 
be true of the index (103) of the ensemble of compound sys- 
tems, and the distribution represented will differ infinitesimally 
from one which would be in statistical equilibrium after the 
addition of the new forces.* 

The same would be true if in the indices of each of the 
original ensembles we should substitute for the term or terms 
relating to any period which does not occur in the other en- 
semble, any function of the total energy related to that period, 
subject only to the general limitation expressed by equation 
(89). But in order that the ensemble of compound systems 
(with the added forces) shall always be approximately in 
statistical equilibrium, it is necessary that the indices of the 
original ensembles should be linear functions of those partial 
energies which relate to vibrations of periods common to the 
two ensembles, and that the coefficients of such partial ener- 
gies should be the same in the two indices. 


* It is interesting to compare the above relations with the laws respecting 
the exchange of energy between bodies by radiation, although the phenomena 
of radiations lie entirely without the scope of the present treatise, in which 
the discussion is limited to systems of a finite number of degrees of freedom. 

+ The above may perhaps be sufficiently illustrated by the simple case 
where n = 1 in each system. If the periods are different in the two systems, 
they may be distributed according to any functions of the energies: but if 
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The properties of canonically distributed ensembles of 
systems with respect to the equilibrium of the new ensembles 
which may be formed by combining each system of one en- 
semble with each system of another, are therefore not peculiar 
to them in the sense that analogous properties do not belong 
to some other distributions under special limitations in regard 
to the systems and forces considered. Yet the canonical 
distribution evidently constitutes the most simple case of the 
kind, and that for which the relations described hold with the 
least restrictions. 

Returning to the case of the canonical distribution, we 
shall find other analogies with thermodynamic systems, if we 
suppose, as in the preceding chapters,* that the potential 
energy (¢,) depends not only upon the coordinates 9,... 9, 
which determine the configuration of the system, but also 
upon certain codrdinates a:, a2, etc. of bodies which we call 
external, meaning by this simply that they are not to be re- 
garded as forming any part of the system, although their 
positions affect the forces which act on the system. The 
forces exerted by the system upon these external bodies will 
be represented by — de,/da,, — de,/da,, etc., while — de,/dq,, 
...— de,/dq, represent all the forces acting upon the bodies 
of the system, including those which depend upon the position 
of the external bodies, as well as those which depend only 
upon the configuration of the system itself. It will be under- 
stood that e, depends only upon qi,...@,, Piy+++ Pa» in other 
words, that the kinetic energy of the bodies which we call 
external forms no part of the kinetic energy of the system. 
It follows that we may write 


ee (104) 


although a similar equation would not hold for differentiations 
relative to the internal codrdinates. 


the periods are the same they must be distributed canonically with same 


modulus in order that the compound ensemble with additional forces may 
be in statistical equilibrium. 


* See especially Chapter I, p. 4. 
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We always suppose these external codrdinates to have the 
same values for all systems of any ensemble. In the case of 
a canonical distribution, 7.¢., when the index of probability 
of phase is a linear function of the energy, it is evident that 
the values of the external codrdinates will affect the distribu- 
tion, since they affect the energy. In the equation 

all 


€ 
e8= f...fe © di... « dass (105) 
phases 

by which y may be determined, the external codrdinates, a,, 
a,, etc., contained implicitly in e, as well as @, are to be re- 
garded as constant in the integrations indicated. The equa- 
tion indicates that y is a function of these constants. If we 
imagine their values varied, and the ensemble distributed 
canonically according to their new values, we have by 
differentiation of the equation 


a On 1 Kitt De 
e o(— 5a + &ao)= aol... fe dp, ...ddn 


phases 
€ 
1 dé 45 
—5iuf... da, ° © dp, dq, 
phases 
all € 
if diva 
— im... [ane © dp,...dq,—ete., (106) 
phases 
v 
or, multiplying by © e®, and setting 
de de 
Tigger Ake eT pis etc., 
all ye 
v 1 ys 
— dy + £0 = 540 f... ee ° dp... dq. 
phases 
all ot 
tay f... fare? dp,...4q, 
phases 


? es 
da f---f Aye? dp... dg +etc. (107) 
phases 
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Now the average value in the ensemble of any quantity 
(which we shall denote in general by a horizontal line above 
the proper symbol) is determined by the equation 
all ye 
Nae CBP eo Opt a. da (108) 
phases 


Comparing this with the preceding equation, we have 


ay =" do —£ do — A, da, —A,da,— eto. (109) 


® 
Or, since ¥ = f=” (110) 
and to =a (111) 
dy = 7 d® — A, da, — A, da, — ete. (112) 
Moreover, since (111) gives 
dy — de = @dy + 7.40, (113) 


we have also 


This equation, if we neglect the sign of averages, is identi- 
cal in form with the thermodynamic equation 
aye de + A, da, Le da, + ete. : (115) 
or 
de = T dn — A, da, — Ay da, = etc., (116) 


which expresses the relation between the energy, tempera- 
ture, and entropy of a body in thermodynamic equilibrium, 
and the forces which it exerts on external bodies, —-a relation 
which is the mathematical expression of the second law of 
thermodynamics for reversible changes. The modulus in the 
statistical equation corresponds to temperature in the thermo- 
dynamic equation, and the average index of probability with 
its sign reversed corresponds to entropy. But in the thermo- 
dynamic equation the entropy (7) is a quantity which is 
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only defined by the equation itself, and incompletely defined 
in that the equation only determines its differential, and the 
constant of integration is arbitrary. On the other hand, the 
in the statistical equation has been completely defined as 
the average value in a canonical ensemble of systems of 
the logarithm of the coefficient of probability of phase. 

We may also compare equation (112) with the thermody- 
namic equation 


 =— dT — A,da, — A,da, — ete., (117) 


where y represents the function obtained by subtracting the 
product of the temperature and entropy from the energy. 

How far, or in what sense, the similarity of these equations 
constitutes any demonstration of the thermodynamic equa- 
tions, or accounts for the behavior of material systems, as 
described in the theorems of thermodynamics, is a question 
of which we shall postpone the consideration until we have 
further investigated the properties of an ensemble of systems 
distributed in phase according to the law which we are con- 
sidering. The analogies which have been pointed out will at 
least supply the motive for this investigation, which will 
naturally commence with the determination of the average 
values in the ensemble of the most important quantities relating 
to the systems, and to the distribution of the ensemble with 
respect to the different values of these quantities. 


CHAPTER V. 


AVERAGE VALUES IN A CANONICAL ENSEMBLE 
OF SYSTEMS. 


In the simple but important case of a system of material 
points, if we use rectangular codrdinates, we have for the 
product of the differentials of the coordinates 
dx, dy,dz,... dx, dy, dz,, 
and for the product of the differentials of the momenta 
mM, dx, ™m, dy, Mm, dz, eee My dx, My dy, My dzy. 
The product of these expressions, which represents an element 
of extension-in-phase, may be briefly written 
my, dx, oe e M dz, dx, ee dz,’ 
and the integral 
vs 
foe fe® midis... medisdey... de (118) 


will represent the probability that a system taken at random 


from an ensemble canonically distributed will fall within any 
given limits of phase. 


In this case 
e=e,t hema... +4 m, 2%, (119) 
and 
aga et TRS oR 
e®@ =e® ¢ 2@...¢ 20. (120) 


The potential energy (e,) is independent of the velocities, 
and if the limits of integration for the codrdinates are inde- 
pendent of the velocities, and the limits of the several veloci- 
ties are independent of each other as well as of the codrdinates, 
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the multiple integral may be resolved into the product of 
integrals 


os ra , 2 
v—€q mM 4X1 m,2, 


fo fe? a Sc de, fo ®° mda * fe 20 mdz, (121) 


This shows that the probability that the configuration lies 
within any given limits is independent of the velocities, 
and that the probability that any component velocity lies 
within any given limits is independent of the other component 
velocities and of the configuration. 


Since 
io _ me? 
ue é 20 ™, dx, = /2 TM, @, (122) 
and 
oe _ mr? 
if $m an? é a8 m dar, = Vt TM, @, (123) 


the average value of the part of the kinetic energy due to the 
velocity z,, which is expressed by the quotient of these inte- 
grals, is 4@. This is true whether the average is taken for 
the whole ensemble or for any particular configuration, 
whether it is taken without reference to the other component 
velocities, or only those systems are considered in which the 
other component velocities have particular values or lie 
within specified limits. 

The number of codrdinates is 83v orn. We have, therefore, 
for the average value of the kinetic energy of a system 


€, = #vO=4n0. (124) 


This is equally true whether we take the average for the whole 
ensemble, or limit the average to a single configuration. 

The distribution of the systems with respect to their com- 
ponent velocities follows the ‘law of errors’; the probability 
that the value of any component velocity lies within any given 
limits being represented by the value of the corresponding 
integral in (121) for those limits, divided by (27m ©), 
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which is the value of the same integral for infinite limits. 
Thus the probability that the value of 2, les between any 
given limits is expressed by 

myx 3? 


(ge) fe 7° ain (125) 


The expression becomes more simple when the velocity is 
expressed with reference to the energy involved. If we set 


2. 
M, 
ao: = 5 ie 
the probability that s lies between any given limits is 
expressed by 
=f =a (126) 
SS Se bs 
“/ S 


Here s is the ratio of the component velocity to that which 
would give the energy @; in other words, s? is the quotient 
of the energy due to the component velocity divided by ©. 
The distribution with respect to the partial energies due to 
the component velocities is therefore the same for all the com- 
ponent velocities. 

The probability that the configuration lies within any given 
limits is expressed by the value of 


3y Y—-€q 
ut ane)? f... fe ® dit, «dies (127) 


for those limits, where M denotes the product of all the 
masses. This is derived from (121) by substitution of the 
values of the integrals relating to velocities taken for infinite 
limits. 

Very similar results may be obtained in the general case of 
a conservative system of degrees of freedom. Since e, is a 


homogeneous quadratic function of the p’s, it may be divided 
into parts by the formula 


€p a 


+ 2n oe (128) 


an 
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where e might be written for e, in the differential coefficients 
without affecting the signification. The average value of the 
first of these parts, for any given configuration, is expressed 
by the quotient 


€ 
ce de bs 8 dp,... dp, 


ae (129) 
+o +0 ——— 
Khe . ue é e dp; eee dp, 
Now we have by integration by parts 
i we 
+o d +o 
i pPié ees dp, = @ yp e? dp, (130): 


By substitution of this value, the above quotient ae to 


> which is therefore the average value of } na for the 
given configuration. Since this value is independent of the 
configuration, it must also be the average for the whole 
ensemble, as might easily be proved directly. (To make 
the preceding proof apply directly to the whole ensemble, we 
have only to write dp, ... dq, for dp, ... dp, in the multiple 
integrals.) This gives 4n@ for the average value of the 
whole kinetic energy for any given configuration, or for 
the whole ensemble, as has already been proved in the case of 
material points. 

The mechanical significance of the several parts into which 
the kinetic energy is divided in equation (128) will be appar- 
ent if we imagine that by the application of suitable forces 
(different from those derived from e, and so much greater 
that the latter may be neglected in comparison) the system 
was brought from rest to the state of motion considered, so 
rapidly that the configuration was not sensibly altered during 
the process, and in such a manner also that the ratios of the 
component velocities were constant in the process. If we 
write 

F,dq,...+ F,dq, 
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for the moment of these forces, we have for the period of their 
action by equation (8) 


de de de 
ie — I OP a — — te 
Pi dq, Tee 1 dq, 1 


The work done by the force F, may be evaluated as follows: 


: de 
fan = fra =f |i 


where the last term may be cancelled because the configuration 
does not vary sensibly during the application of the forces. 
(It will be observed that the other terms contain factors which 
increase as the time of the action of the forces is diminished.) 
We have therefore, 


[Fan = Pig at = fia = fo dp,. (131) 


For since the p’s are linear functions of the g’s (with coefii- 
cients involving the g’s) the supposed constancy of the q’s and 
of the ratios of the q’s will make the ratio q,/p, constant. 
The last integral is evidently to be taken between the limits 
zero and the value of p, in the phase originally considered, 
and the quantities before the integral sign may be taken as 
relating to that phase. We have therefore 


. di 
J han = tri =i. (132) 


That is: the several parts into which the kinetic energy is 
divided in equation (128) represent the amounts of energy 
communicated to the system by the several forces F,,... F, 
under the conditions mentioned. 

The following transformation will not only give the value 
of the average kinetic energy, but will also serve to separate 
the distribution of the ensemble in configuration from its dis- 
tribution in velocity. 

Since 2, is a homogeneous quadratic function of the Ps, 
which is incapable of a negative value, it can always be ex- 
pressed (and in more than one way) as a sum of squares of 
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linear functions of the p’s.* The coefficients in these linear 
functions, like those in the quadratic function, must be regarded 
in the general case as functions of the q’s. Let 


2€, = uy? + U2... + u,? (133) 
where u,...%, are such linear functions of the p’s. If we 
write 

d(pi - +. Dn) 

d (M4 WA Un) 
for the Jacobian or determinant of the differential coefficients 
of the form dp/du, we may substitute 


d(p, .-- Dp) 
Wet ne: aa du, 


for dp,...dp, 


under the multiple integral sign in any of our formule. It 
will be observed that this determinant is function of the q’s 
alone. The sign of such a determinant depends on the rela- 
tive order of the variables in the numerator and denominator. 
But since the suffixes of the w’s are only used to distinguish 
these functions from one another, and no especial relation is 
supposed between a p and a u which have the same suffix, we 
may evidently, without loss of generality, suppose the suffixes 
so applied that the determinant is positive. 

Since the w’s are linear functions of the p’s, when the in- 
tegrations are to cover all values of the p’s (for constant q’s) 
once and only once, they must cover all values of the u’s once 
and only once, and the limits will be + oo for all the w’s. 
Without the supposition of the last paragraph the upper limits 
would not always be + oo, as is evident on considering the 
effect of changing the sign of au. But with the supposition 
which we have made (that the determinant is always positive) 
we may make the upper limits + oo and the lower — o forall 
the w’s, Analogous considerations will apply where the in- 
tegrations do not cover all values of the p’s and therefore of 


* The reduction requires only the repeated application of the process of 
‘completing the square’ used in the solution of quadratic equations. 
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the w’s. The integrals may always be taken from a less to a 
greater value of a w. 

The general integral which expresses the fractional part of 
the ensemble which falls within any given limits of phase is 
thus reduced to the form’. 


2 


Uy? . » » thy 
“S! d(p.. ++: Po) "20 du, ... du, dg, +. dq. (134) 
d(uy « oe ania 


For the average value of the part of the kinetic energy 
which is represented by },?, whether the average is taken 
for the whole ensemble, or for a given configuration, we have 
therefore 


toe ae 
2, 2 
a [awe CE oer 
——————— | = >) 


= 135 
uy? = (2 T ©) al; ( ) 
20 


and for the average of the whole kinetic energy, 4n@, as 
before. 

The fractional part of the ensemble which lies within any 
given limits of configuration, is found by integrating (134) 
with respect to the w’s from —o to+o. This gives 


(226) al, fee pet) EES ag, ie amherst 


which shows that the value of the Jacobian is independent of 
the manner in which 2e, is divided into a sum of squares. 
We may verify this directly, and at the same time obtain a 
more convenient expression for the Jacobian, as follows. 

It will be observed that since the w’s are linear functions of 
the p’s, and the p’s linear functions of the q’s, the w’s will be 
linear functions of the q’s, so that a Eee coefficient of 
the form du/dq will be independent of the q’s, and function of 


the q’s alone. Let us write dp,/du, for the general element 
of the Jacobian determinant. We have 
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dp, ad de d= de du, 


du, , du, ae nti rai du, dq, 
Z du,. t d de _ dy 
du, du,, dq, ~ dg, du, ~ dds (137) 
Therefore 
a(p,.. Pp) a A(u,'.. . Uy) 
Mus wi) Page.) (138) 
and 


d(p, .- Si + Pn) FA eee Pr Pes Un) \? _ ap, ¢ sin) 139 
ea . aye DQ, ++ G,)) Aq, -+- Gn) an 


These determinants are all functions of the q’s alone.* The 
last is evidently the Hessian or determinant formed of the 
second differential coefficients of the kinetic energy with re- 
spect to g,,---dn- We shall denoteit by A;. The reciprocal 
determinant 

(qi + + - Yn) 
d( py. ++. Pa) 


which is the Hessian of the kinetic energy regarded as func- 
tion of the p’s, we shall denote by A,. 


If we set 
_e aie sshd ESP 4 
6 Rac ae A, dp, dp,, 
oo +00 —u? rie —Un? n 
= e 78 du... du, = (270), (140) 
and. Y=V— (141) 


* It will be observed that the proof of (137) depends on the linear relation 


o du 
between the w’s and q’s, which makes ee constant with respect to the differ- 
qx 


entiations here considered. Compare note on p. 12. 
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the fractional part of the ensemble which lies within any 
given limits of configuration (136) may be written 


f- fe cae Etec hy (142) 


where the constant y, may be determined by the condition 
that the integral extended over all configurations has the value 
unity.* 


* In the simple but important case in which A; is independent of the q’s, 
and ¢, a quadratic function of the q’s, if we write ea for the least value of eg 
(or of ¢) consistent with the given values of the external coérdinates, the 
equation determining y, may be written 


€a—¥q SS ee <teed- 3 «, —<;) 


ene its we ~ Oa dgn 


If we denote by 91’, ...Qn’ the values of g),.-.-@n which give eg its least value 
€a, it is evident that eg — eg is a homogenous quadratic function of the differ- 
ences 9; — qy, etc.,and that dq,,...dqn may be regarded as the differentials 
of these differences. The evaluation of this integral is therefore analytically 
similar to that of the integral 


“fo -fo) _ P 
acne © dp... dpa; 
—o7 —0o 


for which we have found the value pe (27 0)3. By the same method, or 


by analogy, we get 
€g—Vg ; 
ca (3) (27@)3, 


where A, is the Hessian of the potential energy as function of the q’s. It 
will be observed that A, depends on the forces of the system and is independ- 
ent of the masses, while A; or its reciprocal A, depends on the masses and 
is independent of the forces. While each Hessian depends on the system of 
coordinates employed, the ratio Ag/A; is the same for all systems. 

Multiplying the last equation by (140), we have 


€q—¥ 
eh = ie (29@)”. 


For the average value of the potential energy, we have 


42 te is 
So Sf (ca-eale © dqy... dn 
= —o” —o 
€g —- 46 = 
+a to _ “ea - 


Sot fie ° dq... dan 


—.  —20 
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When an ensemble of systems is distributed in configura- 
tion in the manner indicated in this formula, 7. e., when its 
distribution in configuration is the same as that of an en- 
semble canonically distributed in phase, we shall say, without 
any reference to its velocities, that it is canonically distributed 
in configuration. 

For any given configuration, the fractional part of the 
systems which lie within any given limits of velocity is 
represented by the quotient of the multiple integral 


or its equivalent 


—u;2 .. . —tin? 
Jefe 2e Ad du... du, 


taken within those limits divided by the value of the same 
integral for the limits 4 o. But the value of the second 
multiple integral for the limits + is evidently 


bg 
2 


A? (276) 
We may therefore write 


Yp—£p 
f-vfee du... dun, (143) 


The evaluation of this expression is similar to that of 


+a -+ 0 feted 3 
J Sve © dp, ... dpm 


tus Bey OD 
Gey e ° dp, ... apn 
—0o —o 


which expresses the average value of the kinetic energy, and for which we 


have found the value sn @. We have accordingly 


Adding the equation 


we have €—€&=—n®@. 
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Yp—€p €p 
or f- fee 8 pS dap, . - Un, (144) 


bp —£p 
or again ae ; . fe is Adda and es (145) 


for the fractional part of the systems of any given configura- 
tion which lie within given limits of velocity. 

When systems are distributed in velocity according to these 
formulae, 7. e., when the distribution in velocity is like that in 
an ensemble which is canonically distributed in phase, we 
shall say that they are canonically distributed in velocity. 

The fractional part of the whole ensemble which falls 
within any given limits of phase, which we have before 
expressed in the form 


avis 
foo fe? dri. dad... dan, (146) 


may also be expressed in the form 


=< 
le fe STA rdg se Pilg ag, oa ae. (147) 


CHAPTER VI. 


EXTENSION IN CONFIGURATION AND EXTENSION 
IN VELOCITY. 


THE formulae relating to canonical ensembles in the closing 
paragraphs of the last chapter suggest certain general notions 
and principles, which we shall consider in this chapter, and 
which are not at all limited in their application to the canon- 
ical law of distribution.* 

We have seen in Chapter IV. that the nature of the distribu- 
tion which we have called canonical is independent of the 
system of codrdinates by which it is described, being deter- 
mined entirely by the modulus. It follows that the value 
represented by the multiple integral (142), which is the frac- 
tional part of the ensemble which lies within certain limiting 
configurations, is independent of the system of codrdinates, 
being determined entirely by the limiting configurations with 
the modulus. Now w, as we have already seen, represents 
a value which is independent of the system of codrdinates 
by which it is defined. The same is evidently true of 
v, by equation (140), and therefore, by (141), of y,. 
Hence the exponential factor in the multiple integral (142) 
represents a value which is independent of the system of 
codrdinates. It follows that the value of a multiple integral 


of the form 
f- ; . fatan Digan (148) 


* These notions and principles are in fact such as a more logical arrange- 
ment of the subject would place in connection with those of Chapter I., to 
which they are closely related. The strict requirements of logical order 
have been sacrificed to the natural development of the subject, and very 
elementary notions have been left until they have presented themselves in 
the study of the leading problems. 
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is independent of the system of codrdinates which is employed 
for its evaluation, as will appear at once, if we suppose the 
multiple integral to be broken up into parts so small that 
the exponential factor may be regarded as constant in each. 

In the same way the formulae (144) and (145) which express 
the probability that a system (in a canonical ensemble) of given 
configuration will fall within certain limits of velocity, show 
that multiple mtegrals of the form 


f- Lf ae dps re (149) 
foc tread 
or Hf . fa; dq,..- dq, (150) 


relating to velocities possible for a given configuration, when 
the limits are formed by given velocities, have values inde- 
pendent of the system of codrdinates employed. 

These relations may easily be verified directly. It has ak 
ready been proved that 


d(P,,--+ Py) _ Ugh -- + q) _ UN, +++ Gs) 
Ui, +++ Pr) EQ, --- Qn) A(Q1,-- - Oy) 


where 91, +++ Qn» Py) +++ Pn and Q,,...Q,, P,,...P, are two 
systems of codrdinates and momenta.* It follows that 


fof GEER ate 
SSE) SE 20-20. 

= Gar eo Ga, randatiee ae 
“SoS age G28 0. 


* See equation (29). 
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and 
fi SG Bye 
=f lair ay) apy sreny 2 
“Sf SGEES (eee mo) a ) ee 
cP sf Ge et: 


The multiple integral 


efi fap, Maui: dau or dda. (151) 
which may also be written 
she A; Lf Saas ey Ae fee (152) 


and which, when taken within any given limits of phase, has 
been shown to have a value independent of the codrdinates 
employed, expresses what we have called an eztension-in- 
phase.* In like manner we may say that the multiple integral 
(148) expresses an eatension-in-configuration, and that the 
multiple integrals (149) and (150) express an eatension-in- 
velocity. We have called 


dp, ...dp,dq,...dqp; (153) 
which is equivalent to 
A;dq,... dqndq, «» + dn, (154) 
an element of extension-in-phase. We may call 
Atdq,... dq, (155) 


an element of extension-in-configuration, and 
Addp, .. . Apps (156) 


* See Chapter I, p. 10. 
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or its equivalent 
Addg:... dns (157) 


an element of extension-in-velocity. 

An extension-in-phase.may always be regarded as an integral 
of elementary extensions-in-configuration multiplied each by 
an extension-in-velocity. This is evident from the formulae 
(151) and (152) which express an extension-in-phase, if we 
imagine the integrations relative to velocity to be first carried 
out. 

The product of the two expressions for an element of 
extension-in-velocity (149) and (150) is evidently of the same 
dimensions as the product 


PROD Giro Ln 


that is, as the nth power of energy, since every product of the 
form p, q, has the dimensions of energy. Therefore an exten- 
sion-in-velocity has the dimensions of the square root of the 
nth power of energy. Again we see by (155) and (156) that 
the product of an extension-in-configuration and an extension- 
in-velocity have the dimensions of the mth power of energy 
multiplied by the mth power of time. Therefore an extension- 
in-configuration has the dimensions of the nth power of time 
multiplied by the square root of the nth power of energy. 

To the notion of extension-in-configuration there attach 
themselves certain other notions analogous to those which have 
presented themselves in connection with the notion of ex- 
tension-in-phase. The number of systems of any ensemble 
(whether distributed canonically or in any other manner) 
which are contained in an element of extension-in-configura- 
tion, divided by the numerical value of that element, may be 
called the density-in-configuration. That is, if a certain con- 
figuration is specified by the codrdinates 91+++Qn, and the 
number of systems of which the cordinates fall between the 
limits q, and g, + dg,,...q, and g, + dq, is expressed by 


1 
Dia? dq, een dq, (158) 
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D, will be the density-in-configuration. And if we set 


v= y’ (159) 
where WV denotes, as usual, the total number of systems in the 
ensemble, the probability that an unspecified system of the 
ensemble will fall within the given limits of configuration, is 


expressed by 
eA 2 dg, ... dd, (160) 


We may call e” the coefficient of probability of the configura- 
tion, and , the index of probability of the configuration. 

The fractional part of the whole number of systems which 
are within any given limits of configuration will be expressed 
by the multiple integral 


f ras f eMAddgq,... dqy- (161) 


The value of this integral (taken within any given configura- 
tions) is therefore independent of the system of codrdinates 
which is used. Since the same has been proved of the same 
integral without the factor e"%, it follows that the values of 
n, and D, for a given configuration in a given ensemble are 
independent of the system of codrdinates which is used. 

The notion of extension-in-velocity relates to systems hav- 
ing the same configuration.* If an ensemble is distributed 
both in configuration and in velocity, we may confine our 
attention to those systems which are contained within certain 
infinitesimal limits of configuration, and compare the whole 
number of such systems with those which are also contained 


* Except in some simple cases, such as a system of material points, we 
cannot compare velocities in one configuration with velocities in another, and 
speak of their identity or difference except in a sense entirely artificial. We 
may indeed say that we call the velocities in one configuration the same as 
those in another when the quantities q,,... Qn have the same values in the 
two cases. But this signifies nothing until the system of coordinates has 
been defined. We might identify the velocities in the two cases which make 
the quantities p,,...pn the same ineach. This again would signify nothing 
independently of the system of codrdinates employed. 
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within certain infinitesimal limits of velocity. The second 
of these numbers divided by the first expresses the probability 
that a system which is only specified as falling within the in- 
finitesimal limits of configuration shall also fall within the 
infinitesimal limits of velocity. If the limits with respect to 
velocity are expressed by the condition that the momenta 
shall fall between the limits p, and p, + dp,,..-p, and 
Pn + Gp,, the extension-in-velocity within those limits will be 


A,t dp, EA App, 
and we may express the probability in question by 


ePAtdp, ... apy. (162) 


This may be regarded as defining 7,. 

The probability that a system which is only specified as 
having a configuration within certain infinitesimal limits shall 
also fall within any given limits of velocity will be expressed 
by the multiple integral 


IF m,. Af era bap raps (163) 
i Eee 1 e At dg, ... dq; (164) 


taken within the given limits. 

It follows that the probability that the system will fall 
within the limits of velocity, g, and 9, + dq,,...q, and 
Qn + dq, is expressed by 


or its equivalent 


ePAL dg, .. . dg,. (165) 

The value of the integrals (163), (164) is independent of 
the system of codrdinates and momenta which is used, as is 
also the value of the same integrals without the factor 
e”»; therefore the value of » Must be independent of the 
system of codrdinates and momenta. We may call e”? the 


coefficient of probability of velocity, and », the ind i 
bility of velocity. Y Np the index of proba 
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Comparing (160) and (162) with (40), we get 

ewe? — P= e" (166) 
or tg + 1p = 2. (167) 
That is: the product of the coefficients of probability of con- 
figuration and of velocity is equal to the coefficient of proba- 
bility of phase; the sum of the indices of probability of 
configuration and of velocity is equal to the index of 
probability of phase. 

It is evident that e” and e”» have the dimensions of the 
reciprocals of extension-in-configuration and extension-in- 
velocity respectively, 7. ¢., the dimensions of ¢ e—* and e—?, 
where ¢ represent any time, and e any energy. If, therefore, 


the unit of time is multiplied by ¢,, and the unit of energy by 
¢,, every 7, will be increased by the addition of 


n log ¢, + $n loge, (168) 
and every 7, by the additton of 
$n log c..* (169) 


It should be observed that the quantities which have been 
called extension-in-configuration and extension-in-velocity are 
not, as the terms might seem to imply, purely geometrical or 
kinematical conceptions. To express their nature more fully, 
they might appropriately have been called, respectively, the 
dynamical measure of the extension in configuration, and the 
dynamical measure of the extension in velocity. They depend 
upon the masses, although not upon the forces of the 
system. In the simple case of material points, where each 
point is limited to a given space, the extension-in-configuration 
is the product of the volumes within which the several points 
are confined (these may be the same or different), multiplied 
by the square root of the cube of the product of the masses of 
the several points. The extension-in-velocity for such systems 
is most easily defined as the extension-in-configuration of 
systems which have moved from the same configuration for 
the unit of time with the given velocities. 


* Compare (47) in Chapter I. 
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In the general case, the notions of extension-in-configuration 
and extension-in-velocity may be connected as follows. 

If an ensemble of similar systems of n degrees of freedom 
have the same configuration at a given instant, but are distrib- 
uted throughout any finite extension-in-velocity, the same 
ensemble after an infinitesimal interval of time 6¢ will be 
distributed throughout an extension in configuration equal to 
its original extension-in-velocity multiplied by 6¢”. 

In demonstrating this theorem, we shall write q,',... 9,' for 
the initial values of the codrdinates. The final values will 
evidently be connected with the initial by the equations 


_n—-“= hh Oe Ie — "Oe = In ét. (170) 


Now the original extension-in-velocity is by definition repre- 
sented by the integral 


ak . faag, eo tee (171) 


where the limits may be expressed by an equation of the form 
Eas ae Oe (172) 


The same integral multiplied by the constant 8¢* may be 
written 


f th fh Add(q18t), «.. d(9!), (173) 
and the limits may be written 
F (qi ++ + Gn) =F (Gr dt,» - « Gy St) = 0. (174) 


(It will be observed that d¢ as well as A; is constant in the 
integrations.) Now this integral is identically equal to 


f we f A? d (on— obit Usd Ok (175) 


or its equivalent 
ili ; fag dg,» .. qn, (176) 


with limits expressed by the equation 
ai (% ca Q's SNC OES So qn!) = 0. (177) 
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But the systems which initially had velocities satisfying the 
equation (172) will after the interval 6¢ have configurations 
satisfying equation (177). Therefore the extension-in-con- 
figuration represented by the last integral is that which 
belongs to the systems which originally had the extension-in- 
velocity represented by the integral (171). 

Since the quantities which we have called extensions-in- 
phase, extensions-in-configuration, and extensions-in-velocity 
are independent of the nature of the system of codrdinates 
used in their definitions, it is natural to seek definitions which 
shall be independent of the use of any codrdinates. It will be 
sufficient to give the following definitions without formal proof 
of their equivalence with those given above, since they are 
less convenient for use than those founded on systems of co- 
ordinates, and since we shall in fact have no occasion to use 
them. 

We commence with the definition of extension-in-velocity. 
We may imagine n independent velocities, V,,... V, of whicha 
system in a given configuration is capable. We may conceive 
of the system as having a certain velocity V, combined with a 
part of each of these velocities V,...V,. By a part of V, is 
meant a velocity of the same nature as V, but in amount being 
anything between zero and V,. Now all the velocities which 
may be thus described may be regarded as forming or lying in 
a certain extension of which we desire a measure. The case 
is greatly simplified if we suppose that certain relations exist 
between the velocities V,,... V,, viz: that the kinetic energy 
due to any two of these velocities combined is the sum of the 
kinetic energies due to the velocities separately. In this case 
the extension-in-motion is the square root of the product of 
the doubled kinetic energies due to the n velocities V,,... V, 
taken separately. 

The more general case may be reduced to this simpler case 
as follows. The velocity V, may always be regarded as 
composed of two velocities V,! and V,", of which V,! is of 
the same nature as V’,, (it may be more or less in amount, or 
opposite in sign,) while V,"" satisfies the relation that the 
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kinetic energy due to V, and V;," combined is the sum of the 
kinetic energies due to these velocities taken separately. And 
the velocity V, may be regarded as compounded of three, 
Vel, Vy, V9", of which V,/ is of the same nature as V,, V," 
of the same nature as V,”, while V,'” satisfies the relations 
that if combined either with V, or V,” the kinetic energy of 
the combined velocities is the sum of the kinetic energies of 
the velocities taken separately. When all the velocities 
V,,..-¥, have been thus decomposed, the square root of the 
product of the doubled kinetic energies of the several velocities 
V,, Vy", V,/", etc., will be the value of the extension-in- 
velocity which is sought. 

This method of evaluation of the extension-in-velocity which 
we are considering is perhaps the most simple and natural, but 
the result may be expressed in a more symmetrical form. Let 
us write e,, for the kinetic energy of the velocities V, and V, 
combined, diminished by the sum of the kinetic energies due 
to the same velocities taken separately. This may be called 
the mutual energy of the velocities V, and V,. Let the 
mutual energy of every pair of the velocities V,,...V, be 
expressed in the same way. Analogy would make e,, represent 
the energy of twice V, diminished by twice the energy of V,, 
v. €., €,, would represent twice the energy of V,, although the 
term mutual energy is hardly appropriate to this case. At all 
events, let ¢,, have this signification, and ¢,, represent twice 
the energy of V,, etc. The square root of the determinant 


€11 €12 + + + €1y 
€21 €o2 eee Con 
Ent Eng + + + Enn 


represents the value of the extension-in-velocity determined as 
above described by the velocities a ae 


The statements of the preceding paragraph may be readily 
proved from the expression (157) on page 60, viz., 


A? dq,... dd, 


by which the notion of an element of extension-in-velocity was 
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originally defined. Since 4; in this expression represents 
the determinant of which the general element is 
d*e 
dq,dq, 
the square of the preceding expression represents the determi- 
nant of which the general element is 
de 
dq; dq; 


dy,dqj. 


Now we may regard the differentials of velocity dq, dq; as 
themselves infinitesimal velocities. Then the last expression 
represents the mutual energy of these velocities, and 
d%e 
dq; 
represents twice the energy due to the velocity dq,. 

The case which we have considered is an extension-in-veloc- 
ity of the simplest form” All extensions-in-velocity do not 
have this form, but all may be regarded as composed of 
elementary extensions of this form, in the same manner as 
all volumes may be regarded as composed of elementary 
parallelepipeds. 

Having thus a measure of extension-in-velocity founded, it 
will be observed, on the dynamical notion of kinetic energy, 
and not involving an explicit mention of codrdinates, we may 
derive from it a measure of extension-in-configuration by the 
principle connecting these quantities which has been given in 
a preceding paragraph of this chapter. 

The measure of extension-in-phase may be obtained from 
that of extension-in-configuration and of extension-in-velocity. 
For to every configuration in an extension-in-phase there will 
belong a certain extension-in-velocity, and the integral of the 
elements of extension-in-configuration within any extension- 
in-phase multiplied each by its extension-in-velocity 1s the 
measure of the extension-in-phase. 


dg? 


CHAPTER VII. 


FARTHER DISCUSSION OF AVERAGES IN A CANONICAL 
ENSEMBLE OF SYSTEMS. 


RETURNING to the case of a canonical distribution, we have 
for the index of probability of configuration 


ny = SS (178) 
as appears on comparison of formulae (142) and (161). It 
follows immediately from (142) that the average value in the 
ensemble of any quantity w which depends on the configura- 
tion alone is given by the formula 


all Wg—€q 
fue ©. AS das.weda,, (179) 
config. 


g! 
lI 


where the integrations cover all possible configurations. The 


value of y, is evidently determined by the equation . 
avg ally ete 
ef! R= fp an fie Pntdg, » idan (180) 
config. 


By differentiating the last equation we may obtain results 
analogous to those obtained in Chapter IV from the equation 


oe aI ole 
e = ifansifte Odie xvidgn 


phases 


As the process is identical, it is sufficient to give the results: 


dy, = y,d® — A, da, — A, da, — ete., (181) 
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or, since Ye=& + On, (182) 
and dy, = de, + 7,49 + Odn,, (183) 
de, = @dn, a A; da, = Ae da, at etc. (184) 


It appears from this equation that the differential relations 
subsisting between the average potential energy in an ensem- 
ble of systems canonically distributed, the modulus of distri- 
bution, the average index of probability of configuration, taken 
negatively, and the average forces exerted on external bodies, 
are equivalent to those enunciated by Clausius for the potential 
energy of a body, its temperature, a quantity which he called 
the disgregation, and the forces exerted on external bodies.* 

For the index of probability of velocity, in the case of ca- 
nonical distribution, we have by comparison of (144) and (163), 
or of (145) and (164), 


1p = 2a (185) 

* * - _ Ww €p 3 > 

which gives Wi Gg at (186) 

we have also & = $n, (187) 

and by (140), vp = —$n@log (270). (188) 
From these equations we get by differentiation 

dy, = 7, 4®, (189) 

and de, = — @ dnp. (190) 


The differential relation expressed in this equation between 
the average kinetic energy, the modulus, and the average index 
of probability of velocity, taken negatively, is identical with 
that given by Clausius locis cztatis for the kinetic energy of a 
body, the temperature, and a quantity which he called the 
transformation-value of the kinetic energy.t The relations 


c= et & 1= + %p 


* Pogg. Ann., Bd. CXVI, S. 73, (1862); ibid., Bd. CKXV, S. 353, (1865). 
See also Boltzmann, Sitzb. der Wiener Akad., Bd. LXIII, S. 728, (1871). 
+ Verwandlungswerth des Warmeinhaltes. 
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are also identical with those given by Clausius for the corre- 
sponding quantities. 

Equations (112) and (181) show that if or y, is known 
as function of @ and aj, ag, etc., we can obtain by differentia- 
tion € or €,, and A,, A,, etc. as functions of the same varia- 
bles. We have in fact 


di 
7uly Mepayiege (191) 
ayy 
& = Ve — Og = te — © GQ" G22) 
The corresponding equation relating to kinetic energy, 
d 
3; = Neura® oe eaWed@iaces (193) 


which may be obtained in the same way, may be verified by 
the known relations (186), (187), and (188) between the 
variables. We have also 
dy 
A= — = — ab (194) 
etc., so that the average values of the external forces may be 
derived alike from y or from y,. 

The average values of the squares or higher powers of the 
energies (total, potential, or kinetic) may easily be obtained by 
repeated differentiations of W, wy, Wp, OF € €) €» With 
respect to @. By equation (108) we have 


a ye 
Cal ford Mele ca eh (195) 


a 
phases 


and differentiating with respect to ®, 


Oe ee ee 
phases 


de _G—ye | € dy 
do —@ + 6 a0’ 
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or e= o% = e(y — © ot). (197) 
Combining this with (191), 
de d 
aa?+0E=(y - 0%) - ett. (198) 
In precisely the same way, from the equation 
Yo-€q 
aaJ-- afar Pat dq,..- QQ, (199) 
we may obtain 
i 2 
Baa’ + ots = ( ie a) ~ oe, (200) 


In the same way also, if we confine ourselves to a particular 
configuration, from the equation 


all . Wp—€p 
aa. ee © A, dp... dpy (201) 
2 veloc 
we obtain 
6. ER & 2 " ore =( Ye it) - ote, (202) 


which by (187) reduces to 
= ($7? + $n) @ (203) 


Since this value is independent of the configuration, we see 
that the average square of the kinetic energy for every configu- 
ration is the same, and therefore the same as for the whole 
ensemble. Hence ¢,” may be interpreted as the average either 
for any particular configuration, or for the whole ensemble. 
It will be observed that the value of this quantity is deter- 
mined entirely by the modulus and the number of degrees of 
freedom of the system, and is in other respects independent of 
the nature of the system. 

Of especial importance are the anomalies of the energies, or 
their deviations from their average values. The average value 
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of these anomalies is of course zero. The natural measure of 
such anomalies is the square root of their average square. Now 


(= Fe, (204) 
identically. Accordingly 


i aere Nc 8 é dad 
(oo =eS =- ae (205) 
In like manner, 
oy de ay, 0 
(, — <) = Of 2 = — © Ty (206) 
= e a 
(4) =O Se = — oF ean (207) 
Hence 
(e—<?= (e, — a) + (ec, — “«,)% (208) 


Equation (206) shows that the value of de,/d® can never be 
negative, and that the value of d? y, /d®? or dy,/d® can never 
be positive.* 

To get an idea of the order of magnitude of these quantities, 
we may use the average kinetic energy as a term of comparison, 
this quantity being independent of the arbitrary constant in- 
volved in the definition of the potential energy. Since 


* In the case discussed in the note on page 54, in which the potential 
energy is a quadratic function of the q’s, and Ag independent of the q’s, we 
should get for the potential energy 


= 1 
(€q — €q)? = 9” e, 
and for the total energy 


(e — e)? =n @?2, 
We may also write in this case, 
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ra — 4nO, 

cee ystig 

(€ = 1 godiedy (209) 
En n 
— 2 y E. 

CepisPrep i ane a6, (210) 
Ep ” dé, 
— 2 le 

és st) Mev 2p Bey (211) 

€p "de, ™ "dé, 


These equations show that when the number of degrees of 
freedom of the systems is very great, the mean squares of the 
anomalies of the energies (total, potential, and kinetic) are very 
small in comparison with the mean square of the kinetic 
energy, unless indeed the differential coefficient de,/de, is 
of the same order of magnitude as n. Such values of de,/de, 
can only occur within intervals (e,! — ¢,’) which are of the or- 
der of magnitude of n-, unless it be in cases in which e, is in 
general of an order of magnitude higher than e,. Postponing 
for the moment the consideration of such cases, it will be in- 
teresting to examine more closely the case of large values of 
de, /de, within narrow limits. Let us suppose that for e,! and 
ey’ the value of de, /de, is of the order of magnitude of unity, 
but between these values of e, very great values of the differ- 
ential coefficient occur. Then in the ensemble having modulus 
@” and average energies ¢," and ¢,!’, values of e, sensibly greater 
than e,/’ will be so rare that we may call them practically neg- 
ligible. They will be still more rare in an ensemble of less 
modulus. For if we differentiate the equation 


Wy — € 
Nae : @ : 
regarding ¢, as constant, but © and therefore y, as variable, 
we get a 
ang pang a, ae Wa — & 
(38),= 6 a6 ~ tor un 


whence by (192) 
aN aa (213) 


74 AVERAGE VALUES IN A CANONICAL 


That is, a diminution of the modulus will diminish the proba- 
bility of all configurations for which the potential energy exceeds 
its average value in the ensemble. Again, in the ensemble 
having modulus ©! and average energies ep’ and ¢,/, values of 
e, sensibly less than €,' will be so rare as to be practically neg- 
ligible. They will be still more rare in an ensemble of greater 
modulus, since by the same equation an increase of the 
modulus will diminish the probability of configurations for 
which the potential energy is less than its average value in 
the ensemble. Therefore, for values of ® between ©! and ©”, 
and of ¢, between é,' and ¢,", the individual values of e, will 
be practically limited to the interval between e¢,' and e,’. 

In the cases which remain to be considered, viz., when 
d¢,/d ¢, has very large values not confined to narrow limits, 
and consequently the differences of the mean potential ener- 
gies in ensembles of different moduli are in general very large 
compared with the differences of the mean kinetic energies, it 
appears by (210) that the anomalies of mean square of poten- 
tial energy, if not small in comparison with the mean kinetic 
energy, will yet in general be very small in comparison with 
differences of mean potential energy in ensembles having 
moderate differences of mean kinetic energy, — the exceptions 
being of the same character as described for the case when 
de, ‘de, is not in general large. 

It follows that to human experience and observation with 
respect to such an ensemble as we are considering, or with 
respect to systems which may be regarded as taken at random 
from such an ensemble, when the number of degrees of free- 
dom is of such order of magnitude as the number of molecules 
in the bodies subject to our observation and experiment, ¢—¢, 
& —  €;—€, would be in general vanishing quantities, 
since such experience would not be wide enough to embrace 
the more considerable divergencies from the mean values, and 
such observation not nice enough to distinguish the ordinary 
divergencies. In other words, such ensembles would appear 
to human observation as ensembles of systems of uniform 
energy, and in which the potential and kinetic energies (sup- 
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posing that there were means of measuring these quantities 
separately) had each separately uniform values.* Exceptions 
might occur when for particular values of the modulus the 
differential coefficient de,/de, takes a very large value. To 
human observation the effect would be, that in ensembles in 
which ® and e¢, had certain critical values, €, would be in- 
determinate within certain limits, viz., the values which would 
correspond to values of © and e, slightly less and slightly 
greater than the critical values. Such indeterminateness cor- 
responds precisely to what we observe in experiments on the 
bodies which nature presents to us.t 

To obtain general formulae for the average values of powers 
of the energies, we may proceed as follows. If A is any posi- 
tive whole numbez, we have identically 


an 40" oe cay ee ee 
ae he Pip... dg = Ors f... fore Cdp,... dan; (214) 
kf hases 


phases P 


t.e., by (108), 


Eve ao yea € 

Fe Pm Or (ete %), (215) 
y area 

Hence Be P= (55) e ®, (216) 
¥ d h ila 

and = &(e5) er (217) 


* This implies that the kinetic and potential energies of individual systems 
would each separately have values sensibly constant in time. 

t+ As an example, we may take a system consisting of a fluid in a cylinder 
under a weighted piston, with a vacuum between the piston and the top of 
the cylinder, which is closed. The weighted piston is to be regarded as a 
part of the system. (This is formally necessary in order to satisfy the con- 
dition of the invariability of the external codrdinates.) It is evident that at 
a certain temperature, viz., when the pressure of saturated vapor balances 
the weight of the piston, there is an indeterminateness in the values of the 
potential and total energies as functions of the temperature. 


76 AVERAGE VALUES IN A CANONICAL 


For 4 = 1, this gives 


aR d (w 

é=- OS (5) (218) 

which agrees with (191). 

From (215) we have also 

det /- d 
Feet + = (é re es) 4, (219) 
ce ae 

o= (2 +O) & (220) 


In like manner from the identical equation 


Hes hie ee .aq,= eile “fs Tore mE RE .aq,, 


(221) 
US ah 0d 

we get Tt Ne (@ 4) ag (222) 
“2 d ila 

and ea ( €, + @ a6 ) Eq (223) 


With respect to the kinetic energy similar equations will 


hold for averages taken for any particular configuration, or 
for the whole ensemble. But since 


the equation 


t d : 
a= (é, + @ = eo (224) 


g = (Fo+% <) et = 5 (5 0+ @ =) ® (225) 
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We have therefore 


a= (5+1)5 (226) 
= (5 +2) (G+1)5%. (227) 
ef = “a Oo”. * (228) 


The average values of the powers of the anomalies of the 
energies are perhaps most easily found as follows. We have 
identically, since ¢ is a function of ©, while ¢ is a function of 
the p’s and q’s, 


all 
oe a dq, = 
do Snel s (e — €)*e 1,°+- AQ, = 


phases 
all = € 
f. . [| ec —e)'—hA(e en od | e °dp,, -+.dq, (229) 
phases 
z. €., by (108), 
et] eae | = E (e—e)*—A(e—e)*4 on | te. (230) 


* In the case discussed in the note on page 54 we may easily get 


pea geh eke ea aoe ee 
(€g — €a)* = (& —e€gt+ e5) (€g — €a)*—1, 


which, with € — €a = 5 8, 

gives 
Se n EN a ED d \r-1 
(€g — €a)* = (Se + ©) (q— ea) 1=5(Fe+ es, 2. 

Hence (eq — €a)* = EP. 

Again (e — €a)* = (< — eat at (e — ea), 

which with €—e&=n® 

gives 


(e— eat =(no+ o<) [eS ea)P en (ne ze eis) 


hence (e—e€a)*= Aa 
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or since by (218) 
@? & e ° @ 
ot 5 Cao + CHER EE ACO SS 
€—-s"=@ fo +h(e—6) @ = (231) 


In precisely the same way we may obtain for the potential 
energy 


(€, — €)*t = ene aaa h (€, — &)*) @ om (232) 
By successive applications of (231) we obtain 

(«—8'=De 

(€—o' = D% 

(—6* = De + 3 (De? 

(¢— 6) = D% + 10DED¥ 

(ce —€)§ = De + 15 De De + 10 (D%e)? + 15 (De) ete. 


where D represents the operator @2d/d®. Similar expres- 
sions relating to the potential energy may be derived from 
(232). 

For the kinetic energy we may write similar equations in 
which the averages may be taken either for a single configura- 
tion or for the whole ensemble. But since 

dép 7 
do” 2 
the general formula reduces to 


Pe est 1 renin 
(p — &)"* = @ qq (& — &)* + $nh@ (ep — ep) (233) 
or 
(Go. ea" a 200d. (€p — €p)” uf 2h (€p — €p)* a 2h (Ep — €p)* 
€y*tt n d® Ep” n an’ n = rar, 


&p 
(234) 
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But since identically 


Ep — €)° = 1, (e —e)'_ 0 
Ee, € ; 


the value of the corresponding expression for any index will 
be independent of © and the formula reduces to 


Ep n 


Ep n 


a) (235) 
€p 
we have therefore 


& ni? 
Care Cee 
= rei? at = nm n?? 
€p €p 
= 2 
(« Pe %) a 2 etc.* 
Ep n 


It will be observed that when ¥ or ¢ is given as function of 
@, all averages of the form ¢* or (e — e)* are thereby deter- 


* In the case discussed in the preceding foot-notes we get easily 


(€q — eld (soy spl fa ep), 


Cao = 

€g — £a 

For the total energy we have in this case 

ENS Ay EAA net 
Gee) €—€q €— €q 
e—e 1 (yes 6 
ey wa 


‘= = 3+) 
= €y n@ né 


and 


etc. 
Pd 
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mined. So also if y, or €, is given as function of 9, all 


averages of the form e,” or (e, — €,)” are determined. But 
Eg = € — $n®. 


Therefore if any one of-the quantities , ,, €, €, is known 
as function of ©, and is also known, all averages of any of 
the forms mentioned are thereby determined as functions of 
the same variable. In any case all averages of the form 


a) 

€p 

are known in terms of 2 alone, and have the same value 
whether taken for the whole ensemble or limited to any 


particular configuration. 
If we differentiate the equation 


afin lei age ca} (236) 


phases 


with respect to a,, and multiply os @, we have 


de vs 
fit [|Z das _ aan? afi page= Os (237) 


Differentiating again, with respect to a,, with respect to aq, 
and with respect to @, we have 


fee ip | = - Git a a 
da,? dav ala - i) |e © an. $= Nghe 
ile ai [ _@y de i i ($+ a) 
ida, lane da,da, ' @\da, __ ia) 4 a 


wet ; 
e © dp,...dq,=0, (239) 


the f | an _«\(ldy pre 
da, de * (3 da,)\ do”  @ ) 
ee 
e?® dp,...dq,=0. (240) 
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The multiple integrals in the last four equations represent the 
average values of the expressions in the brackets, which we 
may therefore set equal to zero. The first gives 


aye 
da; = da, = (241) 
as already obtained. With this relation and (191) we get 
from the other equations 
Fama ae, (eee EN a BY 14 GA, 
eas a 


meee ee 
da,da, da,da, 


(A, — 4,) (4, — 4.) = © 


dd, dA (dd, aA, 
= ON aa eeeaaly) (Gea) ee) 
— Py dA, dy 
ae a eat (ha es) Beene (gy Sa ene ee (GO 
erate 6) Sane da, d® © 70 g da," 


We may add for comparison equation (205), which might be 
derived from (236) by differentiating twice with respect to @: 


Ce ag Sag Ay (244) 


The two last equations give 
(A, —= A) (€ <= €) = Fa = €)*, (245) 


If y ore is known as function of , a,, ag, ete., (e —e)? may 
be obtained by differentiation as function of the same variables. 
And if y, or A,, or 7 is known as function of ®, a,, ete., 
(A, — 4,) (e — ©) may be obtained by differentiation. But 
(A, —A,)’ and (A, — 4,) (A, — A,) cannot be obtained in any 
similar manner. We have seen that (e—e)? is in general a 


vanishing quantity for very great values of n, which we may 
regard as contained implicitly in © as a divisor. The same is 


true of (4, — A,)(e—e). It does not appear that we can 
assert the same of (4, — A,)? or (4, — 4,) (4, — A,), since 
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d*e/da,?2 may be very great. The quantities de/da,? and y/da,? 
belong to the class called elasticities. The former expression 
represents an elasticity measured under the condition that 
while a, is varied the internal codrdinates q,, ... 9, all remain 
fixed. The latter is an elasticity measured under the condi- 
tion that when a, is varied the ensemble remains canonically 
distributed within the same modulus. This corresponds to 
an elasticity in physics measured under the condition of con- 
stant temperature. It is evident that the former is greater 
than the latter, and it may be enormously greater. 

The divergences of the force A, from its average value are 
due in part to the differences of energy in the systems of the 
ensemble, and in part to the differences in the value of 
the forces which exist in systems of the same energy. If we 
write A,|, for the average value of A, in systems of the 


ensemble which have any same energy, it will be determinec 


by the equation 
y—e 
de as 
fo fH fe 8 an... dn 


wos 
[.fe® an... da, 


where the limits of integration in both multiple integrals are 
two values of the energy which differ infinitely little, say « and 


y—e 


Zi. = (246) 


e+de. This will make the factor e ® constant within the 


limits of integration, and it may be cancelled in the numera- 
tor and denominator, leaving 


-++ | dp,... dg, 


where the integrals as before are to be taken between ¢ and 
e+ de. A;| is therefore independent of @, being a function 
of the energy and the external coordinates. 
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Now we have identically 
A, — A, = (A, — A,].) + (A, «— Ai); 


where A, — A,|. denotes the excess of the force (tending to 
increase a,) exerted by any system above the average of such 
forces for systems of the same energy. Accordingly, 


(A, — Ay)? = (Ai — Ay] ,)? + 2 (Ar — Ai] e) (Arle — —A\)+ (AeA A;)*. 


But the average value of (4, — 4,|e)(A,|e — 4,) for systems 
of the ensemble which have the same energy is zero, since for 
such systems the second factor is constant. Therefore the 
average for the whole ensemble is zero, and 


(4; — 4,)* = (A, — A; A, |)? an (Aile — A))?. (248) 
In the same way it may be shown that 


(4,—4)€—)=(Gik—-A)(e—9. (249 
It is evident that in ensembles in which the anomalies of 
energy « — e may be regarded as insensible the same will be 
true of the quantities represented by A,\. — Aj. 

The properties of quantities of the form A,| will be 
farther considered in Chapter X, which will be devoted to 
ensembles of constant energy. 

It may not be without interest to consider some general 
formulae relating to averages in a canonical ensemble, which 
embrace many of the results which have been given in this 
chapter. 

Let u be any function of the internal and external codrdi- 
nates with the momenta and modulus. We have by definition 


y—e 
a= [.. dhe ar £29, (250) 


phases 


If we differentiate with respect to @, we have 


abe SG (Z- ai (he e)ab ra) x) e © apy. Ing 
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or Sore (251) 


and substituting this value, we have 
du _du , we we 
do dete @ 
or @? — — @? — = we — ve = (u— 4) (€ — ©). (252) 
If we differentiate equation (250) with respect to a (which 
may represent ay of the external codrdinates), and write A 


for the force — - , we get 
‘2 tee 
oe Sigg a 
ze (bs Lop eee dp,...dq, 
du duu dy uA 
2 da dat @da* @ Sis 
Setting w = 1 in this equation, we get 
dy eee 
CT il 
Substituting this value, we have 
du du uA wud 
da da* © 6” ite 


da oe Pa te 
or ot 9 _74_-it= (u—u)(A— 4). (255) 


Repeated applications of the principles expressed by equa- 
tions (252) and (255) are perhaps best made in the particular 
cases. Yet we may write (252) in this form 
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(e+ D) (u—u) =0, (256) 


where D represents the operator @? d/d@. 
Hence 


(e+ Dy (u—% =0, (257) 


where A is any positive whole number. It will be observed, 
that since e is not function of @, (e + D)" may be expanded by 
the binomial theorem. Or, we may write 


(e+ D)u=(€+ D) u, (258) 
whence (e+ Di u=CE+D)u. (259) 


But the operator (¢ + D)*, although in some respects more 
simple than the operator without the average sign on the e, 
cannot be expanded by, the binomial theorem, since ¢ is a 
function of © with the external codrdinates. 

So from equation (254) we have 


(F + 55) a eAO (260) 
whence ($+ g) @-O=95 (261) 
and (3 ete a) w= (Z + a) u, (262) 
whence (3 38 a) = (3 ss $V (263) 


The binomial theorem cannot be applied to these operators. 

Again, if we now distinguish, as usual, the several external 
codrdinates by suffixes, we may apply successively to the 
expression u — u any or all of the operators 


d d d 
e+ @ 70° A, +9 aie A,+@ Fan’ etc. (264) 
2 
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as many times as we choose, and in any order, the average 
value of the result will be zero. Or, if we apply the same 
operators to wu, and finally take the average value, it will be the 
same as the value obtained by writing the sign of average 
separately as wu, and on e, A,, Ag, etc., in all the operators. 

If w is independent of the momenta, formulae similar to 
the preceding, but having ¢, in place of «, may be derived 
from equation (179). 


CHAPTER VIII. 


ON CERTAIN IMPORTANT FUNCTIONS OF THE 
ENERGIES OF A SYSTEM. 


In order to consider more particularly the distribution of a 
canonical ensemble in energy, and for other purposes, it will 
be convenient to use the following definitions and notations. 

Let us denote by V the extension-in-phase below a certain 
limit of energy which we shall calle. That is, let 


ee bil era (265) 


the integration being extended (with constant values of the 
external codrdinates) over all phases for which the energy is 
less than the limit «. We shall suppose that the value of this 
integral is not infinite, except for an infinite value of the lim- 
iting energy. This will not exclude any kind of system to 
which the canonical distribution is applicable. For if 


die Joo 1 ile 


taken without limits has a finite value,* the less value repre- 


sented by 
6 ® ff... fan... ag, 


taken below a limiting value of ¢, and with the e before the 
integral sign representing that limiting value, will also be 
finite. Therefore the value of V, which differs only by a 
constant factor, will also be finite, for finite «. It is a func- 
tion of ¢ and the external codrdinates, a continuous increasing 


* This is a necessary condition of the canonical distribution. See 
Chapter IV, p. 36. 
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function of ¢, which becomes infinite with ¢«, and vanishes 
for the smallest possible value of ¢, or for e=—o, if the 
energy may be diminished without limit. 
Let us also set : 

< dV 

$ = log —. (266) 
The extension in phase between any two limits of energy, e’ 
and ¢’, will be represented by the integral 


Mu 


if ve de. (267) 


And in general, we may substitute e* de for dp,... dq, in a 
2n-fold integral, reducing it to a simple integral, whenever 
the limits can be expressed by the energy alone, and the other 
factor under the integral sign is a function of the energy alone, 
or with quantities which are constant in the integration. 

In particular we observe that the probability that the energy 
of an unspecified system of a canonical ensemble lies between 
the limits ¢ and ¢” will be represented by the integral * 


<” w-€ 
f gi0. oe! (268) 


and that the average value in the ensemble of any quantity 
which only varies with the energy is given by the equation ¢ 


a= ul ue® de, (269) 
V=0 
where we may regard the constant y as determined by the 
equation 
W eé='e € 
< -<+¢ 
e 9= if eek Tae) pene es 6785) 
==) 
In regard to the lower limit in these integrals, it will be ob- 


served that V = 0 is equivalent to the condition that the 
value of ¢ is the least possible. 


* Compare equation (93). t+ Compare equation (108). 
t Compare equation (92). 
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In like manner, let us denote by V, the extension-in-configu- 
ration below a certain limit of potential energy which we may 
call e,. That is, let 


Viale fatan..- daw (271) 


the integration being extended (with constant values of the 
external codrdinates) over all configurations for which the 
potential energy is less than «,. V, will be a function of e, 
with the external codrdinates, an increasing function of e,, 
which does not become infinite (in such cases as we shall con- 
sider*) for any finite value of ¢,. It vanishes for the least 
possible value of e,, or for «, = — 0, if «, can be diminished 
without limit. It is not always a continuous function of «,. 
In fact, if there is a finite extension-in-configuration of con- 
stant potential energy, the corresponding value of V, will 
not include that extension-in-configuration, but if «, be in- 
creased infinitesimally, the corresponding value of V, will be 
increased by that finite extension-in-configuration. 
Let us also set 


=_ Eee | 
$, = log G*. (272) 


The extension-in-configuration between any two limits of 
potential energy «,’ and e,” may be represented by the integral 


ip of de, (273) 

€q! 
whenever there is no discontinuity in the value of V, as 
function of e, between or at those limits, that is, when- 
ever there is no finite extension-in-configuration of constant 
potential energy between or at the limits. And in general, 
with the restriction mentioned, we may substitute ef de, for 
A; dq, .-- dq, in an n-fold integral, reducing it to a simple 
integral, when the limits are expressed by the potential energy, 
and the other factor under the integral sign is a function of 


* If V, were infinite for finite values of ¢,, V would evidently be infinite 
for finite values of e. 
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the potential energy, either alone or with quantities which are 
constant in the integration. 

We may often avoid the inconvenience occasioned by for- 
mulae becoming illusory.on account of discontinuities in the 
values of V, as function of e, by substituting for the given 
discontinuous function a continuous function which is practi- 
cally equivalent to the given function for the purposes of the 
evaluations desired. It only requires infinitesimal changes of 
potential energy to destroy the finite extensions-in-configura- 
tion of constant potential energy which are the cause of the 
difficulty. 

In the case of an ensemble of systems canonically distributed 
in configuration, when V;, is, or may be regarded as, a continu- 
ous function of ¢«, (within the limits considered), the proba- 
bility that the potential energy of an unspecified system les 
between the limits ¢,’ and ¢,” is given by the integral 


” Pq-€q 
vere +g 
iF bec a.ctidess (274) 


€q 


where yy may be determined by the condition that the value of 
the integral is unity, when the limits include all possible 
values of e In the same case, the average value in the en- 
semble of any function of the potential energy is given by the 
equation 

_ ts 

u = [we de,. (275) 

V,=0 


NOs V, is not a continuous function of €g, we may write dV, 
for e“4de, in these formulae. 


In like manner also, for any given configuration, let us 
denote by V, the extension-in-velocity below a certain limit of 
kinetic energy specified by €p That is, let 


$e +! 
=f... fa, dp leape (276) 
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the integration being extended, with constant values of the 
coordinates, both internal and external, over all values of the 
momenta for which the kinetic energy is less than the limit ¢,. 
V, will evidently be a continuous increasing function of «, 
which vanishes and becomes infinite with «,. Let us set 


dV, 
ide Se (277) 
The extension-in-velocity between any two limits of kinetic 
energy ¢, and «,” may be represented by the integral 


€y”” 
ip ef” dep. (278) 
ep 

And in general, we may substitute e% de, for A,t dp, ... dp, 
or Aji dg, ... dg, in an n-fold integral in which the codrdi- 
nates are constant, reducing it to a simple integral, when the 
limits are expressed by the kinetic energy, and the other factor 
under the integral sign is a function of the kinetic energy, 
either alone or with quantities which are constant in the 
integration. 

It is easy to express V, and ¢, in terms of e,. Since A, is 
function of the codrdinates alone, we have by definition 


Tad f... fdo...de (279) 


the limits of the integral being given by e,. That is, if 

€p = F(pi,+++ Pn) (280) 
the limits of the integral for «, = 1, are given by the equation 

F(p,,.++ Pr) =1, (281) 
and the limits of the integral for «, = a*, are given by the 
equation 

EDs. 6 Da) = Oe (282) 
But since F represents a quadratic function, this equation 
may be written 


a a 


F (2, ms Ps) =1 (283) 
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The value of V, may also be put in the form 
vara fo. fat...a2. (284) 


Now we may determine V, for «, =1 from (279) where the 
limits are expressed by (281), and V, for e, = a? from (284) 
taking the limits from (283). The two integrals thus deter- 
mined are evidently identical, and we have 


( Vey eas = a"(V,) €p=1 (285) 


~ 
2 


1. ¢., V, varies as €,» We may therefore set 


n 


n 
5 ¢ =—1 
Vz = Ce,’, eo” = 5 Oe," (286) 


where Cis a constant, at least for fixed values of the internal 
coordinates. 


To determine this constant, let us consider the case of a 
canonical distribution, for which we have 


Vo—&p 


foe “3 "dep = 1, 
0 

¥p at 
where e® = (270) 2, 


Substituting this value, and that of e* from (286), we get 


n ei) = 
gol Denn dep = (27)*, 
we 


ra 00 p Ps ey n 
S e 2 € 3 
3°), e (2) a(%) = (2n)", 


AO (5) = (2)?, (287) 
pig SUE 
T(gn + 1) 


Having thus determined the value of the constant C, we may 
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substitute it in the general expressions (286), and obtain the 

following values, which are perfectly general: 
n 

(27r€p)” 


= Tan+D 


(288) 


Sao 
(2 nm)" ep 

Tn) 

It will be observed that the values of V, and ¢, for any 
given ¢, are independent of the configuration, and even of the 
nature of the system considered, except with respect to its 
number of degrees of freedom. 

Returning to the canonical ensemble, we may express the 
probability that the kinetic energy of a system of a given 
configuration, but otherwise unspecified, falls within given 
limits, by either member of the following equation 


Ve? + bp 1 a 4 
fe 2 der = aay fe °(2)3 a(2). (290) 


Since this value is independent of the codrdinates it also 
represents the probability that the kinetic energy of an 
unspecified system of a canonical ensemble falls within the 
limits. The form of the last integral also shows that the prob- 
ability that the ratio of the kinetic energy to the modulus 


*(289) 


eve = 


* Very similar values for Vz, ef, V, and & may be found in the same 
way in the case discussed in the preceding foot-notes (see pages 54, 72, 77, and 
79), in which ¢, is a quadratic function of the q’s, and Aj independent of the q’s. 
In this case we have 


Vy= (qe nese (2m)? (€q — €a)? 


PGn+i) ’ 
Ais a) a 
r= (i) Sea 
soak eee re. 


94 CERTAIN IMPORTANT FUNCTIONS 


falls within given limits is independent also of the value of 
the modulus, being determined entirely by the number of 
degrees of freedom of the system and the limiting values 
of the ratio. ; 

The average value of any function of the kinetic energy, 
either for the whole ensemble, or for any particular configura- 
tion, is given by 


Pre amt Wane longa * (291) 
@' TT (47) 
Thus 
— 77T : 
ra =m 29 galing SO58 een 
¥, Ts sey. (293) 


°~TGn+ 1TGQn) 


* The corresponding equation for the average value of any function of 
the potential energy, when this is a quadratic function of the q’s, and Aj is 
independent of the q’s, is 


oo €g-"q 


is 1 ga Tea ny 
“= ——— Jue 9 i(e,—«,)™" de. 
ata’, sama es 


In the same case, the average value of any function of the (total) energy is 
given by the equation 


= 1 = 1 
* aria" @ (e—e€a) de 
Hence in this case 
T'(m-++4n) j 1 
_— i =< Pa 
(€g — €a) T (fn) e”, if m+5n>0 
(e ca) = FE) om, if m+n>0 
Pad aS ao V=8, 
d¢q_ 1 
deg e’ if n> 2, 
do 1 F 
and Sas) if n>. 


If n=1, e& =2” and d¢/de =0 for any value of e. If n= 2, the case is 
the same with respect to 4. 


t This equation has already been proved for positive integral powers of 
the kinetic energy. See page 77. 
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= Ta — 1 | i 
oF =p Orie ee nan Md sey (004) 
db, 1 
Ce _ fier (295) 
P 
eV, =@. (296) 


If n = 2, <*? = 2, and d¢,/de, = 0, for any value of «,. 
The definitions of V, V,, and V, give 


v= fav, dV, (297) 


where the integrations cover all phases for which the energy 
is less than the limit ¢, for which the value of V is sought. 
This gives 


€g=€ 
Vs f Vpd Vy, (298) 
Viao 
and ee | €q=€ 
= =f etd V,, (299) 
Vq=0 


where V, and e* are connected with V, by the equation 
€> + €, = constant = e. (300) _ 


If n > 2, e*? vanishes at the upper limit, 7. ¢., for e, = 0, and 
we get by another differentiation 


€g—eE 
odp _ $A bp 
ei. ={ e tees (301) 
Vq=0 
We may also write 
€g=E€ 


V=|[ Vpe*de,, (302) 
Vq=0 


€g=€ 
= (et ege, (303) 


Vo=0 
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etc., when JV, is a continuous function of ¢, commencing with 
the value V,=0, or when we choose to attribute to V, a 
fictitious continuity commencing with the value zero, as de- 
scribed on page 90. 

If we substitute in these equations the values of V, and «*? 


which we have found, we get 


(27 aA : 
V= PGF T (€ _ €q) d Va (304) 
=0 
¢ (27)? a. 5-1 
eaten fe-a)? aM (305) 
PG) ¥q=0 
7= 


where e* de, may be substituted for dV, in the cases above 
described. If, therefore, n is known, and V, as function of 
€, V and e® may be found by quadratures. 

It appears from these equations that Vis always a continu- 
ous increasing function of e, commencing with the value V= 
0, even when this is not the case with respect to V, and ¢,. 
The same is true of e*, when » > 2, or when n= 2 if V, in- 
creases continuously with e, from the value V, = 0. 

_The last equation may be derived from the preceding by 
differentiation with respect to e. Successive differentiations 
give, ifh<4n+1, 


€, € n 
av eV, (Qn)0 fet 
— = eat 4 GT) 3 
es Wi= sae pia)! €-@ adV,. (306) 
Vg=0 


de” 
Vq=0 
d’V/de* is therefore positive if h<4n+1. It is an in- 
creasing function of ¢, if h<4n. If e€ is not capable of 
being diminished without limit, d*V/de vanishes for the 
least possible value of ¢, if h < 4n. 
If n is even, 


<FH=QmK),—, (807) 


de2 
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1 av 
= —— of ¢. 
(27)? de® 
When 7 is large, approximate formulae will be more avail- 
able. It will be sufficient to indicate the method proposed, 
without precise discussion of the limits of its applicability or 
of the degree of its approximation. For the value of e® cor- 
responding to any given e, we have 


That is, V, is the same function of «,, as 


€g=—e 


ef = ag tte de = =f tote de,, (308) 

Vj=0 
where the variables are connected by the equation (300). 
The maximum value of ¢, + ¢, is therefore characterized by 


the equation 


GP, wee 

de, de, or) 
The values of, ¢, and e, determined by this maximum we shall 
distinguish by accents, and mark the corresponding values of 
functions of «, and e«, in the same way. Now we have by 
Taylor’s theorem 


d, = >)! + (=) (€> — €!) + (a sip) ese (@ — 6)" + ete. (310) 


t= d+ (FZ) Ga) + (Fa) SF + ete tty 


If the approximation is sufficient without going beyond the 
quadratic terms, since by (300) 


€, — €, == (¢, = €7); 


ap / dp ! (€q—€ /)2 
(ae) Ge) 
tits f Lae) a) aa, ean 


we may write 


where the limits have been made + o for analytical simplicity. 
This is allowable when the quantity in the square brackets 
has a very large negative value, since the part of the integral 
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corresponding to other than very small values of «, — ¢,/ may 
be regarded as a vanishing quantity. 


This ae 5 
ee 313 
‘(era 
de,” de? 
or 


d$p\! (bbq! 
p= dp! + pq + 4 log (27) —4 log [=(32) —e 7) i) (314) 


From this equation, with (289), (300) and (809), we may 
determine the value of ¢ corresponding to any given value of 
e, when ¢, is known as function of «,. 

Any two systems may be regarded as together forming a 
third system. If we have V or ¢ given as function of e for 
any two systems, we may express by quadratures V and ¢ for 
the system formed by combining the two. If we distinguish 
by the suffixes ( ),, ( o> C )yg the quantities relating to 
the three systems, we have easily from the definitions of these 
quantities 


Pa=f faviavi=[ Kavi = [ VidVa=[ VieMdey (315) 
em = [aT = [ “ar, = [odes (316) 


where the double integral is to be taken within the limits 
V,=0, Vz =0, and €, + € = ep, 

and the variables in the single integrals are connected by the 

last of these equations, while the limits are given by the first 

two, which characterize the least possible values of e, and ¢, 

respectively. 

It will be observed that these equations are identical in 
form with those by which Vand ¢ are derived from VOT by 
and V, or ¢,, except that they do not admit in the ave 
case thoes transformations which result from substituting for 


V, or $, the particular functions which these symbols always 
represent. 
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Similar formulae may be used to derive V, or ¢, for the 
compound system, when one of these quantities is known 
as function of the potential energy in each of the systems 
combined. 

The operation represented by such an equation as 


hae = aE ore” dec 


is identical with one of the fundamental operations of the 
theory of errors, viz., that of finding the probability of an error 
from the probabilities of partial errors of which it is made up. 
It admits a simple geometrical illustration. 

We may take a horizontal line as an axis of abscissas, and lay 
off ¢, as an abscissa measured to the right of any origin, and 
erect e%1 as a corresponding ordinate, thus determining a certain 
curve. Again, taking a different origin, we may lay off e as 
abscissas measured to the left, and determine a second curve by 
erecting the ordinates e*. We may suppose the distance be- 
tween the origins to be e,., the second origin being to the right 
if €,, is positive. We may determine a third curve by erecting 
at every point in the line (between the least values of « and ¢,) 
an ordinate which represents the product of the two ordinates 
belonging to the curves already described. The area between 
this third curve and the axis of abscissas will represent the value 
of e*2, To get the value of this quantity for varying values 
of ¢,,, we may suppose the first two curves to be rigidly con- 
structed, and to be capable of being moved independently. We 
may increase or diminish e,, by moving one of these curves to 
the right or left. The third curve must be constructed anew 
for each different value of e,9. 


CHAPTER IX. 
THE FUNCTION ¢ AND THE CANONICAL DISTRIBUTION. 


In this chapter we shall return to the consideration of the 
canonical distribution, in order to investigate those properties 
which are especially related to the function of the energy 
which we have denoted by ¢. 
If we denote by WV, as usual, the total number of systems 
in the ensemble, 
w—e 
ome 
Ne® de 
will represent the number having energies between the limits 
eande-+de. The expression 
ves 
arene (317) 
represents what may be called the density-in-energy. This 
vanishes for e= oo, for otherwise the necessary equation 


e® de=1 (318) 
V=0 

could not be fulfilled. For the same reason the density-in- 
energy will vanish for e=— o, if that is a possible value of 
the energy. Generally, however, the least possible value of 
the energy will be a finite value, for which, if n > 2, e? will 
vanish,* and therefore the density-in-energy. Now the density- 
in-energy is necessarily positive, and since it vanishes for 
extreme values of the energy if n > 2, it must have a maxi- 
mum in such cases, in which the energy may be said to have 


* See page 96. 
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its most common or most probable value, and which is 
determined by the equation 
dp 1 A 
Bare (819) 
This value of d¢/de is also, when n > 2, its average value 
in the ensemble. For we have identically, by integration by 


parts, 
7 db +6 =[ee ans 
mae de = de. (320) 
\+afe 


If n > 2, the expression in the brackets, which multiplied by V 
would represent the density-in-energy, vanishes at the limits, 
and we have by (269) and (3818) 

dp 1 


5 (321) 


It appears, therefore, that for systems of more than two degrees 
of freedom, the average value of dg/de in an ensemble canoni- 
cally distributed is identical with the value of the same differ- 
ential coefficient as calculated for the most common energy 
in the ensemble, both values being reciprocals of the modulus. 

Hitherto, in our consideration of the quantities V, V, V,, ¢, 
dy dp we have regarded the external codrdinates as constant. 
It is evident, however, from their definitions that V and ¢ are 
in general functions of the external codrdinates and the energy 
(e), that V, and ¢, are in general functions of the external 
coordinates and the potential energy («,). V, and ¢, we have 
found to be functions of the kinetic energy (e,) alone. Inthe 
equation 


ace ap e 8 de, (322) 
v=0 

by which may be determined, © and the external codrdinates 

(contained implicitly in ¢) are constant in the integration. 

The equation shows that y is a function of these constants. 
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If their values are varied, we shall have by differentiation, if 
n >2, 


e= 0 
1 “3 
6 °(— 3 ay + 4 do) = 520 fee de 
- v=0 
e=— @ € e=—@O Sy 
dp at? dp —st¢ 

+ da, ane? de + da, { Fe de + ete. (323) 

v=0 v=0 


(Since e* vanishes with V, when n > 2, there are no terms due 
to the variations of the limits.) Hence by (269) 


€ do 
py dy +o ¥ do = - a di: trata Gite (324) 
or, since Yeu a =% (325) 


dy = 7d® — ot da, — 0 ee - day — ete. (326) 
Comparing this with (112), we get 
dp _4, do _ A, 


Ce eke eaten : 32 
da, 9’ da, ©’ oS Ce 
The first of these equations might be written* 
Vaan Sia! xz) 28 
(ca) ao) aged 28 
but must not be confounded with the equation 
dp\ __(4¢\ (de 
z). a -(4 th an a (329) 
which is derived immediately from the identity 
a dd de 
CaMa cys eee 


* See equations (321) and (104). Suffixes are here added to the differential 
coefficients, to make the meaning perfectly distinct, although the same quan- 
tities may be written elsewhere without the suffixes, when it is believed that 
there is no danger of misapprehension. The suffixes indicate the quantities 
which are constant in the differentiation, the single letter a standing for all 
the letters a;, ag, etc., or all except the one which is explicitly varied. 
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Moreover, if we eliminate dy from (326) by the equation 


dy = Ody + 7d@ + de, (331) 
obtained by differentiating (325), we get 


de = — @dn _ RS —@ oe ik — etc., (332) 


da, da, 
or by (821), 
—dn= 1% + B aa, + a, + ete. (333) 
2 


Except for the signs of average, the second member of this 
equation is the same as that of the identity 


dp = Pac + ea n+ St = da, + ete. (334) 


For the more precise comparison ip Ren equations, we may 
suppose that the energy in the last equation is some definite 
and fairly representative energy in the ensemble. For this 
purpose we might choose the average energy. It will per- 
haps be more convenient to choose the most common energy, 
which we shall denote by €). The same suffix will be applied 
to functions of the energy determined for this value. Our 
identity then becomes 


d. d. d. 
Ady = (SE) ae + (32) aa - (32) aa + etc. (335) 


It has been shown that 


dp _ (dd 

de \de => 
when n> 2. Moreover, since i external codrdinates have 
constant values throughout the ensemble, the values of 
d/da,, dp/da,, etc. vary in the ensemble only on account 
of the variations of the energy (€), which, as we have seen, 
may be regarded as sensibly constant throughout the en- 
semble, when n is very great. In this case, therefore, we may 
regard the average values 


aq dp 
da,’ da, > ete., 


(336) 
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as practically equivalent to the values relating to the most 


common energy 
(zz). (32), 5 


In this case also de is practically equivalent to de. We have 
therefore, for very large values of n, 


— dy = dy (337) 


approximately. That is, except for an additive constant, — 7 
may be regarded as practically equivalent to ¢), when the 
number of degrees of freedom of the system is very great. 
It is not meant by this that the variable part of 7 + ¢, is 
numerically of a lower order of magnitude than unity. For 
when n is very great, — 7 and q, are very great, and we can 
only conclude that the variable part of 7 + ¢, is insignifi- 
cant compared with the variable part of 7 or of ¢o, taken 
separately. 

Now we have already noticed a certain correspondence 
between the quantities ® and 7 and those which in thermo- 
dynamics are called temperature and entropy. The property 
just demonstrated, with those expressed by equation (836), 
therefore suggests that the quantities ¢ and de/dg may also 
correspond to the thermodynamic notions of entropy and tem- 
perature. We leave the discussion of this point to a sub- 
sequent chapter, and only mention it here to justify the 
somewhat detailed investigation of the relations of these 
quantities. 

We may get a clearer view of the limiting form of the 
relations when the number of degrees of freedom is indefi- 
nitely increased, if we expand the function $ in a series 
arranged according to ascending powers of e—«. This ex- 
pansion may be written 


tae (Bhs (as (9) 


+ etc. 


338 
Adding the identical equation se 
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——<—S}) ss ———_———— — 


) ® @ ’ 
we get by (336) 
w—e _W—6 ap\ (E—€)* | (d*py (€ — &)® 
cae 7 Te + dt (Fa) G+ (ZG) SG + oto 


(339) 
Substituting this value in 


which expresses the probability that the energy of an unspeci- 
fied system of the ensemble lies between the limits e’ and e”, 


we get 
ap. » (F8) 


When the number of ain of freedom is very great, and 
€ — €,in consequence very small, we may neglect the higher 
powers and write* 


tf 


voy 


—s5— + etc, 


LEU +(35), (= aca 
de. (340) 


e” (d2g\ (€-€)? 
ie (ae), 2 dk. (341) 


, 
€ 


This shows that for a very great number of degrees of 
freedom the probability of deviations of energy from the most 
probable value (€,) approaches the form expressed by the 
‘law of errors.’ With this approximate law, we get 


* If a higher degree of accuracy is desired than is afforded by this formula, 
it may be multiplied by the series obtained from 
(e—eo)$ 
(a), Auden 
by the ordinary formula for the expansion in series of an exponential func- 
tion. There would be no especial analytical difficulty in taking account of 
a moderate number of terms of such a series, which would commence 


Th (Sp) eee 2 (A) et ac 
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Keto TFG LY ames), 4 
cae TB eX = 1, (342) 
(Ss 
. d*¢\~ 
€=€, ~ =w=-(B ’ (343) 
whence 
(3 
= dé? IA 
YR + do = blog Zot = — blog (27 — ©). (344) 
Now it has been proved in Chapter VII that 
rae: De de _ 
(e—€? = a ram 
We have therefore 
= —e€ ya 4m de - 
n+ d= ve en d, =— } log (27(e — €)?) =— log > 
(345) 


approximately. The order of magnitude of 7 — ¢, is there- 
fore that of log m. This magnitude is mainly constant. 
The order of magnitude of 7 + $) — } log x is that of unity. 
The order of magnitude of ¢,, and therefore of — 7, is that 
of n.* 


Equation (338) gives for the first approximation 


= a? — €)? 

Soa ee ae Cn 
(¢ — do) (€ = €0) = (¢ - fo)" = ia € (347) 

GH oy = SG aS (348) 


The members of the last equation have the order of magnitude 
of n. Equation (388) gives also for the first approximation 


a do yf 
de oO Ta), ©) 


* Compare (289), (314). 
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oe - 3) (€—«@) = 5 eo =-1, (849) 
Gone (ca) teers, = ats a) ae 


This is of the order of magnitude of n.* 

It should be observed that the approximate distribution of 
the ensemble in energy according to the ‘law of errors’ is 
not dependent on the particular form of the function of the 
energy which we have assumed for the index of probability 
(n). In any case, we must have 


whence 


e=@® 
ede =1, (351) 


vV=0 


where e”+* is necessarily positive. This requires that it 
shall vanish for e = o, and also for e = — o, if this is a possi- 
ble value. It has been shown in the last chapter that if e has 
a (finite) least possible value (which is the usual case) and 
nm > 2, e* will vanish for that least value of «. In general 
therefore » + @ will have a maximum, which determines the 
most probable value of the energy. If we denote this value 
by e, and distinguish the corresponding values of the func- 
tions of the energy by the same suffix, we shall have 


dy do\ _ 
(Z),+ ( =O. (352) 


The probability that an unspecified system of the ensemble 


* We shall find hereafter that the equation 


—5)(e-)=-1 


is exact for any value of n greater than 2, and that the equation 
dg 1\?_ d%@ 


de @) dé 
is exact for any value of n greater than 4. 
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falls within any given limits of energy (¢’ and e!”) is repre- 


sented by 
fp a” de, 


If we expand 7 and ¢ in ascending powers of ¢ — ¢,, without 
going beyond the squares, the probability that the energy falls 
within the given limits takes the form of the ‘law of errors’ — 


pot j > (G2),+8). tee (353) 


This gives 


w+ b= b los] Ze (),-3; = a). } (354) 
and €—a)= is (32): = Gan En (355) 


We shall have a close approximation in general when the 
quantities equated in (855) are very small, 2. e., when 


a Fe 
E m)- (3 aan (356) 


is very great. Now when n is very great, — d?}/dé is of the 
same order of magnitude, and the condition that (856) shall 
be very great does not restrict very much the nature of the 
function 7. 

We may obtain other properties pertaining to average values 
in a canonical ensemble by the method used for the average of 
dg/de. Let w be any function of the energy, either alone or 
with © and the external codrdinates. The average value of u 
in the ensemble is determined by the equation 


= infec (357) 
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Now we have identically 


C= iy _& +¢ ye €—Voo 
hac ah -e. | 
jila sre ae) eh |*2 688) 
V=0 vV=0 
Therefore, by the preceding equation 
duu ECaBE | [ = +o,” i 
de © de 7 | (359) 
= 


If we set u = 1, (a value which need not be excluded,) the 
second member of this equation vanishes, as shown on page 
101, if n > 2, and we get 


=<, (360) 


as before. It is evident froém the same considerations that the 
second member of (859) will always vanish if n > 2, unless wu 
becomes infinite at one of the limits, in which case a more care- 
ful examination of the value of the expression will be necessary. 
To facilitate the discussion of such cases, it will be convenient 
to introduce a certain limitation in regard to the nature of the 
system considered. We have necessarily supposed, in all our 
treatment of systems canonically distributed, that the system 
considered was such as to be capable of the canonical distri- 
bution with the given value of the modulus. We shall now 
suppose that the system is such as to:be capable of a canonical 
distribution with any (finite)+ modulus. Let us see what 
cases we exclude by this last limitation. 


* A more general equation, which is not limited to ensembles canonically 


distributed, is 
€—0 
a da , B_ = [ue] 
de 


where 7 denotes, as usual, the index of probability of phase. 
+ The term /inite applied to the modulus is intended to exclude the value 
zero as well as infinity. 
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The impossibility of a canonical distribution occurs when 
the equation 


ao 
e ene Si side (361) 
: v=0 


fails to determine a finite value for y. Evidently the equation 
cannot make y an infinite positive quantity, the impossibility 
therefore occurs when the equation makes ~¥=—o. Now 
we get easily from (191) 


wv € 
d 6 = 6 dO. 

If the canonical distribution is possible for any values of ©, 
we can apply this equation so long as the canonical distribu- 
tion is possible. The equation shows that as ® is increased 
(without becoming infinite) — ~ cannot become infinite unless 
€ simultaneously becomes infinite, and that as © is decreased 
(without becoming zero) — Wy cannot become infinite unless 
simultaneously ¢ becomes an infinite negative quantity. The 
corresponding cases in thermodynamics would be bodies which 
could absorb or give out an infinite amount of heat without 
passing certain limits of temperature, when no external work 
is done in the positive or negative sense. Such infinite valués 
present no analytical difficulties, and do not contradict the 
general laws of mechanics or of thermodynamics, but they 
are quite foreign to our ordinary experience of nature. In 
excluding such cases (which are certainly not entirely devoid 
of interest) we do not exclude any which are analogous to 
any actual cases in thermodynamics. 

We assume then that for any finite value of @ the second 
member of (861) has a finite value. 

When this condition is fulfilled, the second member of 


(359) will vanish for u =e? V. For, if we set @/ = 2@, 


€ € € € , 


ae BEES BS re ee, 
e °V=e ofedse ® fe Pe ROSS Cee: 


~ 
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where y’ denotes the value of y for the modulus ®’. Since 
the last member of this formula vanishes for ¢€=0oo, the 
less value represented by the first member must also vanish 
for the same value of «. Therefore the second member of 
(859), which differs only by a constant factor, vanishes at 
the upper limit. The case of the lower limit remains to be 
considered. Now 


€ €, we 
e ® V= elt de. 
v=0 
The second member of this formula evidently vanishes for 
the value of e«, which gives V = 0, whether this be finite or 
negative infinity. Therefore, the second member of (359) 
vanishes at the lower limit also, and we have 


dg OV dg 
1—e Vane Cis Via: 


cat oa 
or Gr Vas ©: (362) 


This equation, which is subject to no restriction in regard to 
the value of n, suggests a connection or analogy between the 
function of the energy of a system which is represented by 
e ? V and the notion of temperature in thermodynamics. We 
shall return to this subject in Chapter XIV. 

If n > 2, the second member of (859) may easily be shown 
to vanish for any of the following values of u viz.: ¢, e%, ¢, 
e™, where m denotes any positive number. It will also 
vanish, when n > 4, for u=dd/de, and when n > 2h for 
u =e? d*V/de. When the second member of (859) van- 
ishes, and n > 2, we may write 


(ite LV ceptindl Tin ott 
We thus obtain the following equations : 
Tine 2; 


eid VN: d 
6-8 (-5) =9 2 -§=-8 (364) 
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——$$<—__——_.  —7-3 EST 
@ ih (B-5) = B-5=-4F (365) 


ee 
or haa @° (366) 
dg abe ewe . 
(€ — €) je oe =e B o~ 1, (367) 
DY arabes es ont 
(en — &) een) Fria ae (368) 
If n > 4, 
2 
C5-O-+--@) 
If n > 2h, 
oa@Vdp 1 —gd*V —pUVdp  —-¢ aV 
OTe de OO de a dade | de 
23.08 Vo Gibed aed 
or é “aT =a? a (370) 
Be 
whence Ope nan = = (871) 


Giving / the values 1, 2, 3, etc., we have 


dp 1 

ta, ifn>2, 
ap dg\? 1 
det ide) ghey ities 


as already obtained. Also 
BS aU ab dd j : 
Tack 37a A +(2V z)=3 = 5 ifn >6. (372) 


* This equation may also be obtained from equations (252) and (821). 
Compare also equation (849) which was derived by an approximative method. 
t Compare equation (350), obtained by an approximative method. 
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If V, is a continuous increasing function of ¢«,, commencing 
with V, = 0, the average value in a canonical ensemble of any 
function of ¢,, either alone or with the modulus and the exter- 
nal coordinates, is given by equation (275), which is identical 
with (857) except that e, ¢, and y have the suffix ( ),. The 
equation may be transformed so as to give an equation iden- 
tical with (859) except for the suffixes. If we add the same 
suffixes to equation (861), the finite value of its members will 
determine the possibility of the canonical distribution. 

From these data, it is easy to derive equations similar to 
(860), (862)-(872), except that the conditions of their valid- 
ity must be differently stated. The equation 


—vq 
e V,=9 


requires only the condition already mentioned with respect to 
V,. This equation corresponds to (362), which is subject to 
no restriction with respect to the value of n. We may ob- 
serve, however, that V will always satisfy a condition similar 
to that mentioned with respect to Vj. 

If V, satisfies the condition mentioned, and e? a similar 
condition, 7. ¢., if e% is a continuous increasing function of e«,, 
commencing with the value «7 = 0, equations will hold sim- 
ilar to those given for the case when n > 2, viz., similar to 
(360), (864)-(868). Especially important is 


If V,, e? (or dV,/de,), dV,/de,? all satisfy similar conditions, 
we shall have an equation similar to (869), which was subject 
to the condition n> 4. And if dV,/de,? also satisfies a 
similar condition, we shall have an equation similar to (872), 
for which the condition was n > 6. Finally, if V, and A suc- 
cessive differential coefficients satisfy conditions of the kind 
mentioned, we shall have equations like (870) and (871) for 
which the condition was n > 2h. 
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These conditions take the place of those given above relat- 
ing to n. In fact, we might give conditions relating to the 
differential coefficients of V, similar to those given relating to 
the differential coefficients of V,, instead of the conditions 
relating to n, for the validity of equations (860), (863)-(372). 
This would somewhat extend the application of the equations. 


CHAPTER X. 


ON A DISTRIBUTION IN PHASE CALLED MICROCANONI- 
CAL IN WHICH ALL THE SYSTEMS HAVE 
THE SAME ENERGY. 


AN important case of statistical equilibrium is that in which 
all systems of the ensemble have the same energy. We may 
arrive at the notion of a distribution which will satisfy the 
necessary conditions by the following process. We may 
suppose that an ensemble is distributed with a uniform den- 
sity-in-phase between two limiting values of the energy, ¢’ and 
e’, and with density zero-outside of those limits. Such an 
ensemble is evidently in statistical equilibrium according to 
the criterion in Chapter IV, since the density-in-phase may be 
regarded as a function of the energy. By diminishing the 
difference of e’ and e’, we may diminish the differences of 
energy in the ensemble. The limit of this process gives us 
a permanent distribution in which the energy is constant. 

We should arrive at the same result, if we should make the 
density any function of the energy between the limits é/ and 
e’, and zero outside of those limits. Thus, the limiting distri- 
bution obtained from the part of a canonical ensemble 
between two limits of energy, when the difference of the 
limiting energies is indefinitely diminished, is independent of 
the modulus, being determined entirely by the energy, and 
is identical with the limiting distribution obtained from a 
uniform density between limits of energy approaching the 


same value. 
We shall call the limiting distribution at which we arrive 


by this process microcanonical. 
We shall find however, in certain cases, that for certain 
values of the energy, viz., for those for which e? is infinite, 
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this process fails to define a limiting distribution in any such 
distinct sense as for other values of the energy. The difficulty 
is not in the process, but in the nature of the case, being 
entirely analogous to that which we meet when we try to find 
a canonical distribution-in cases when Wy becomes infinite. 
We have not regarded such cases as affording true examples 
of the canonical distribution, and we shall not regard the cases 
in which ¢® is infinite as affording true examples of the micro- 
canonical distribution. We shall in fact find as we go on that 
in such cases our most important formulae become illusory. 

The use of formulae relating to a canonical ensemble which 
contain e% de instead of dp, ... dq,, as in the preceding chapters, 
amounts to the consideration of the ensemble as divided into 
an infinity of microcanonical elements. 

From a certain point of view, the microcanonical distribution 
may seem more simple than the canonical, and it has perhaps 
been more studied, and been regarded as more closely related 
to the fundamental notions of thermodynamics. To this last 
point we shall return in a subsequent chapter. It is sufficient 
here to remark that analytically the canonical distribution is 
much more manageable than the microcanonical. 

We may sometimes avoid difficulties which the microcanon- 
ical distribution presents by regarding it as the result of the 
following process, which involves conceptions less simple but 
more amenable to analytical treatment. We may suppose an 
ensemble distributed with a density proportional to 


(ee)? 


e 


? 


where and ¢’ are constants, and then diminish indefinitely 
the value of the constant w. Here the density is nowhere 
zero until we come to the limit, but at the limit it is zero for 
all energies except e’. We thus avoid the analytical compli- 
cation of discontinuities in the value of the density, which 
require the use of integrals with inconvenient limits. 

In a microcanonical ensemble of systems the energy (6) is 
constant, but the kinetic energy (c,) and the potential energy 
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(eg) vary in the different systems, subject of course to the con- 
dition 
€p + €g = € = constant. (373) 

Our first inquiries will relate to the division of energy into 
these two parts, and to the average values of functions of e«, 
and Eq 

We shall use the notation a, to denote an average value in 
a microcanonical ensemble of energy «. An average value 
in a canonical ensemble of modulus @, which has hitherto 
been denoted by wu, we shall in this chapter denote by wo, to 
distinguish more clearly the two kinds of averages. 

The extension-in-phase within any limits which can be given 
in terms of e¢, and e, may be expressed in the notations of the 
preceding chapter by the double integral 


[fanan 


taken within those limits. If an ensemble of systems is dis- 
tributed within those limits with a uniform density-in-phase, 
the average value in the ensemble of any function (w) of the 
kinetic and potential energies will be expressed by the quotient 


of integrals 
f frarear, 


| farar, 


Since dV, = e* de,, and de, = de when «, is constant, the 
expression may be written 


J fuer dear, 
J feraar, 


To get the average value of w in an ensemble distributed 
microcanonically with the energy «, we must make the in- 
tegrations cover the extension-in-phase between the energies 
eande+de. This gives 
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€g=e€ 
bp 
ae {we dV, 
u;, = Vq=0 


€g=eE 


fe dV, 


Vqg=0 


But by (299) the value of the integral in the denominator 
is e*. We have therefore 


w= fuctay,, (874) 
Vq=0 


where e* and V, are connected by equation (873), and uw, if 
given as function of ¢,, or of ¢, and ¢,, becomes in virtue of 
the same equation a function of ¢, alone. 

We shall assume that e? has a finite value. Ifn >1, it is 
evident from equation (305) that e® is an increasing function 
of ¢, and therefore cannot be infinite for one value of e without 
being infinite for all greater values of e, which would make 
— yp infinite.* When n > 1, therefore, if we assume that e® 
is finite, we only exclude such cases as we found necessary 
to exclude in the study of the canonical distribution. But 
when n = 1, cases may occur in which the canonical distribu- 
tion is perfectly applicable, but in which the formulae for the 
microcanonical distribution become illusory, for particular val- 
ues of e, on account of the infinite value of e?. Such failing 
cases of the microcanonical distribution for particular values 
of the energy will not prevent us from regarding the canon- 


ical ensemble as consisting of an infinity of microcanonical 
ensembles. t 


* See equation (822), : 

+ An example of the failing case of the microcanonical distribution is 
afforded by a material point, under the influence of gravity, and constrained 
to remain in a vertical circle. The failing case occurs when the energy is 
just sufficient to carry the material point to the highest point of the circle. 

It will be observed that the difficulty is inherent in the nature of the case, 
and is quite independent of the mathematical formulae. The nature of the 
difficulty is at once apparent if we try to distribute a finite number of 
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From the last equation, with (298), we get 


€g=—€ 


ey, | rye lig amion v. 


But by equations (288) sia (289) 


Therefore 


Again, with the aid of equation si we get 


Ty) _ Was “dbp fr gy 
de, drift Le te de’ 


Vg=0 


ifn >2. Therefore, by €289), 


dp __d¢d,| __ (n — : 
st = | = (5-1) if “m2, 
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(375) 


(376) 


(377) 


(378) 


(379) 


These results are interesting on account of the relations of 


the functions e~?V and o to the notion of temperature in 


thermodynamics, — a subject to which we shall return here- 
after. They are particular cases of a general relation easily 
deduced from equations (306), (874), (288) and (289). We 


have 
€¢ —e€e 
av dV, 
‘dé dee 
V,=0 


2dV,, if h<tntl. 


The equation may be written 


Oa) cts fe nek V, 
h 


e Oar gen ake 


v= 


material points with this particular value of the energy as nearly as possible 
in statistical equilibrium, or if we ask: What is the probability that a point 
taken at random from an ensemble in statistical equilibrium with this value 


of the energy will be found in any specified part of the circle ? 
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We have therefore 


Rae ee d (gn) 


Ta =? ded, —Tdnaha te (380) 


ifh<dn+1. For example, when m is even, we may make 
h = in, which gives, with (307), 


i jee 
QnPe* (Vaeme=Thm) ep *e: 
Since any canonical ensemble of systems may be regarded 
as composed of microcanonical ensembles, if any quantities 
u and v have the same average values in every microcanonical 
ensemble, they will have the same values in every canonical 
ensemble. To bring equation (880) formally under this rule, 
we may observe that the first member being a function of ¢ is 
a constant value in a microcanonical ensemble, and therefore 
identical with its average value. We get thus the general 
equation 


(381) 


POV | eae Ne T@n) = 
i Eas Ne T (dn — Fee 1) nly Oe!) 
ifh<4n+1.* The equations 
@=6 *V|, =e T7,|, =a, (383) 


o- sale | = G i. 1) & Je» (384) 


may be at ee as particular cases of the general equation. 
The last equation is subject to the condition that n > 2. 


The last two equations give for a canonical ensemble, 
ifn > 2, 


(G-2)aewer om 


The corresponding equations for a microcanonical ensemble 


give, if n > 2, 
2 d 
(1 ¥ ;) Ele &p le = ae (386) 


* See equation (292). 
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which shows that df dlog V approaches the value unity 
when n is very great. 

If a system consists of two parts, having separate energies, 
we may obtain equations similar in form to the preceding, 
which relate to the system as thus divided.* We shall 
distinguish quantities relating to the parts by letters with 
suffixes, the same letters without suffixes relating to the 
whole system. The extension-in-phase of the whole system 
within any given limits of the energies may be represented by 


the double integral 
f fariav, 


taken within those limits, as appears at once from the defini- 
tions of Chapter VIII. In an ensemble distributed with 
uniform density within those limits, and zero density outside, 
the average value of any function of e¢, and ¢; is given by the 


quotient - 
f fuananr, 
J fener, 


which may also be written ¢ 


If we make the limits of integration e and e + de, we get the 


* If this condition is rigorously fulfilled, the parts will have no influence 
on each other, and the ensemble formed by distributing the whole micro- 
canonically is too arbitrary a conception to have a real interest. The prin- 
cipal interest of the equations which we shall obtain will be in cases in 
which the condition is approximately fulfilled. But for the purposes of a 
theoretical discussion, it is of course convenient to make such a condition 
absolute. Compare Chapter IV, pp. 35 ff., where a similar condition is con- 
sidered in connection with canonical ensembles. 

+ Where the analytical transformations are identical in form with those 
on the preceding pages, it does not appear necessary to give all the steps 
with the same detail. 
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average value of u in an ensemble in which the whole system 
is microcanonically distributed in phase, VizZ., 


qeaet fuchar,, (387) 


where ¢, and V, are connected by the equation 
€, + €, = constant = ¢, (388) 


and wu, if given as function of «1, or of «, and e,, becomes in 
virtue of the same equation a function of ¢; alone.* 
Thus 

€g—€ 


amin ees if V, dV, (389) 


6*V=e "Vib =e "Vak- (390) 


This requires a similar relation for canonical averages 


— ale = Ss V; e= a Ve. (391) 


Again 
UES Sesyp Ce 
el =6 Jf Be dV;. (392) 
V~=0 


But if n, > 2, e* vanishes for Ki = 0,F and 


€o—€ 


pi d 
xf? a [ae ed ;. (393) 
als V; ci 
Hence, if », > 2, and m. > 2, 
dp ddy,| _ ads 
de de,\e de, |?’ mpi ee 


* In the applications of the equation (387), we cannot obtain all the results 
corresponding to those which we have obtained from equation (374), because 


p is a known function of ep, while ¢% must be treated as an arbitrary func- 
tion of €,, or nearly so. 


t See Chapter VIII, equations (305) and (316). 
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Ly o| _adi| dbo 
and Sue = = 2. (395) 


We have compared certain functions of the energy of the 
whole system with average values of similar functions of 
the kinetic energy of the whole system, and with average 
values of similar functions of the whole energy of a part of 
the system. We may also compare the same functions with 
average values of the kinetic energy of a part of the system. 

We shall express the total, kinetic, and potential energies of 
the whole system by «, e,, and ¢,, and the kinetic energies of the 
parts by ¢,, and e,,. These kinetic energies are necessarily sep- 
arate: we need not make any supposition concerning potential 
energies. The extension-in-phase within any limits which can 
be expressed in terms of €,, €,,, €9, may be represented in the 
notations of Chapter VIII by the triple integral 


opie GVedved vs 


taken within those limits. And if an ensemble of systems is 
distributed with a uniform density within those limits, the 
average value of any function of €,, €,, €g, will be expressed 


by the quotient 
ff [2 ¥ind Vana Vy 


ff fora 


ff fusracar.,a7, 
ff fevaarnaV, 


To get the average value of u for a microcanonical distribu- 
tion, we must make the limits e ande + de. The denominator 
in this case becomes e? de, and we have 


€g=E€  Egp=€—Eq 


ue if fut avi,aV, (396) 
Vi=0  €gp=0 
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where $1p, Vo», and V, are connected by the equation 
€ip + xp + €, = constant = €. 


Accordingly 


Eg=E €gp—€—Eq 


pt Vv, =o*f Jf Vid Vand V, = 6 V;, (397) 
Ve=0 €op=0 


and we may write 


-$ —$ —¢ 2 2 
atyos*vsp= "Vik = 7S = Sle (398) 


and 


—¢ —¢ ze 2 2 
@=e alee aby * Vale = 2 Salo = Zao. (999) 
1 


Again, if n, > 2, 


dé1, 
Saf eee $ 
2-9 de * —¢ de dd 
=e. de, dV, = € ae = ee (400) 
Y,=0 


Hence, if n, > 2, and n, > 2, 
dp _aAdip| _ ade 
= | = 2] = Gm De L=Gm—DeL Gon 


1 — ad = $1 pop 
= 2) = de, = des, = ($m — Der] =(47%—1) exp“. (402) 


We cannot apply the methods employed in the preceding 
pages to the microcanonical averages of the (generalized) 
forces A,, Ag, ete., exerted by a system on external bodies 
since these quantities are not functions of the energies SHAS: 
kinetic or potential, of the whole or any part of the Sain 
We may however use the method described on page 116. . 
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Let us imagine an ensemble of systems distributed in phase 
according to the index of probability 


_ (=) 


? 
w2 


c 


where e’ is any constant which is a possible value of the 
energy, except only the least value which is consistent with 
the values of the external coordinates, and ¢ and w are other 
constants. We have therefore 


all xe (e—e’)2 


bi hn ine ted 1, (403) 
phases 
(ec) 
a —— 
or e = booed dp, ... dn (404) 
phases ws 
«= (e—e’)2 
‘ - - + 
er eam divide if ele™ de. (405) 
v=0 
From (404) we have 
de~° = (eae y 
e €—eE a 
a =f---f2 z- A € dp.» dy 
phases 
€=00 ; wle-<92 $ 
= if 2 whe de, (406) 
v0 


where A,| denotes the average value of A, in those systems 
of the ensemble which have any same energy «. (This 
is the same thing as the average value of 4, in a microcanoni- 
cal ensemble of energy ¢.) The validity of the transformation 
is evident, if we consider separately the part of each integral 
which lies between two infinitesimally differing limits of 
energy. Integrating by parts, we get 
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(exe)? 


t= a], 


e—O 


v—=0 
(ee) 


+(e + Aj a op (407) 


Differentiating (405), we get 


«=0 mies ae il eg Geta 
de~ cee = 
—— = _ =; 408 
da, aa de (< da, ) ( ) 
¥v=0 v=0 


where e, denotes the least value of e« consistent with the exter- 
nal coordinates. The last term in this equation represents the 
part of de~/da, which is due to the variation of the lower 
limit of the integral. It is evident that the expression in the 
brackets will vanish at the upper limit. At the lower limit, 
at which ep = 0, and e, has the least value consistent with the 
external codrdinates, the average sign on 4,|, is superfluous, 
as there is but one value of A, which is represented by 
—de,/da,. Exceptions may indeed occur for particular values 
of the external codrdinates, at which de,/da, receive a finite 
increment, and the formula becomes illusory. Such particular 
values we may for the moment leave out of account. The 
last term of (408) is therefore equal to the first term of the 
second member of (407). (We may observe that both vanish 
when m > 2 on account of the factor e%.) 
We have therefore from these equations 


€=00 


(ce): Te (ene) 


Sea i hoe oe nae = [ae at Res 
Ps day ; 
or rae dA d¢ ae Cle 
at 


That is: the average value in the ensemble of the quantity 
represented by the principal parenthesis is zero. This must 
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be true for any value of w. If we diminish w, the average 
value of the parenthesis at the limit when w vanishes becomes 
identical with the value fore =’. But this may be any value 
of the energy, except the least possible. We have therefore 


Ay |e a apenas = 0, (410) 


unless it be for the least value of the energy consistent with 
the external codrdinates, or for particular values of the ex- 
ternal codrdinates. But the value of any term of this equa- 
tion as determined for particular values of the energy and 
of the external codrdinates is not distinguishable from its 
value as determined for values of the energy and external 
coordinates indefinitely near those particular values. The 
equation therefore holds without limitation. Multiplying 
by e%, we get 


o@Ale a7 pdb _ pdb _ der _ 27 
¢ de as Aile . ie as da, <a da, a da, dé Gi) 
The integral of this equation is 
dV 
Ahe® = — + Fy (412) 
a 
where F, is a function of the external codrdinates. We have 
an equation of this form for each of the external coordinates. 
This gives, with (266), for the complete value of the differen- 
tial of V 
dV =e*de + (e* Ale — F,) da, + (€* Azle — Fy) daz + ete, (413) 
or 
dV=e® (de + Ajleda, + Ayleda, + etc.) — F, da, — Fda, — ete. 
(414) 
To determine the values of the functions F,, F,, etc., let 
us suppose 4@,, @,, etc. to vary arbitrarily, while e varies so 
as always to have the least value consistent with the values 
of the external codrdinates. This will make V=0, and 
aV=0. If n < 2, we shall have also e = 0, which will 


give 
ie —() ee en OLCs (415) 
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The result is the same for any value of n. For in the varia- 
tions considered the kinetic energy will be constantly zero, 
and the potential energy will have the least value consistent 
with the external codrdinates. The condition of the least 
possible potential energy may limit the ensemble at each in- 
stant to a single configuration, or it may not do so; but in any 
case the values of A,, A,, etc. will be the same at each instant 
for all the systems of the ensemble,* and the equation 


de + A, da, oe A, day + ete. = 0 


will hold for the variations considered. Hence the functions 
F,, F,, etc. vanish in any case, and we have the equation 


Oh im e? de + e* Ale da, + eA, «da, + ete., (416) 


de + Ay), da, + A;|.da, + ete. 


or d log V 
2 eo V 


. (417) 
or again 
de=e *VdlogV —A|,. da, — A), da,—ete. (418) 


It will be observed that the two last equations have the form 
of the fundamental differential equations of thermodynamics, 
e-*V corresponding to temperature and log V to entropy. 
We have already observed properties of e~*V suggestive of an 
analogy with temperature.t The significance of these facts 
will be discussed in another chapter. 

The two last equations might be written more simply 


_ de+ Ale da, + Age da, + ete. 
qe aaa a 


de =e *dV—A|. da, — A|e da, — ete,, 


and still have the form analogous to the thermodynamic 
equations, but e—* has nothing like the analogies with HoT 
ture which we have observed in eV. 


* This statement, as mentioned before, may have exceptions for particular 
values of the external codrdinates. This will not invalidate the reasoning, 
which has to do with varying values of the external codrdinates. 

t See Chapter IX, page 111; also this chapter, page 119. 


CHAPTER XI. 


MAXIMUM AND MINIMUM PROPERTIES OF VARIOUS DIS- 
TRIBUTIONS IN PHASE. 


In the following theorems we suppose, as always, that the 
systems forming an ensemble are identical in nature and in 
the values of the external codrdinates, which are here regarded 
as constants. 

Theorem I. If an ensemble of systems is so distributed in 
phase that the index of probability is a function of the energy, 
the average value of the index is less than for any other distri- 
bution in which the distribution in energy is unaltered. 

Let us write 7 for the, index which is a function of the 
energy, and 7 + An for any other which gives the same dis- 
tribution in energy. It is to be proved that 


all all 
ie : fot an) et" dps... dan > f ; fae dps. dam (419) 
hases 


phases P: 


where 7 is a function of the energy, and Ay a function of the 
phase, which are subject to the conditions that 


all all 
i by a seed ed eae et (420) 
phases 


phases 


and that for any value of the energy (e’) 


e=e'-+de’ e=e’+de’ 
fi fea. dna fe. fears... day (421) 
e=—€0 ee" 


Equation (420) expresses the general relations which and 
nm + An must satisfy in order to be indices of any distributions, 
and (421) expresses the condition that they give the same 
distribution in energy. 
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Since 7 is a function of the energy, and may therefore be re- 
garded as a constant within the limits of integration of (421), 
we may multiply by 7 under the integral sign in both mem- 
bers, which gives 


e=e'+de’ os ee’ +de’ 
fo fretran..dan= f 1 fnelaps AO x 
=e =e 


Since this is true within the limits indicated, and for every 
value of ¢’, it will be true if the integrals are taken for all 
phases. We may therefore cancel the corresponding parts of 
(419), which gives 


all 
iff ; . [ane ap, cers ey oi; (422) 


phases 


But by (420) this is equivalent to 


all 
iE : fence +1— e") "dp, + gaya 0. (423) 


phases 


Now Ay e*” + 1 — e4” is a decreasing function of An for nega- 
tive values of Ay, and an increasing function of An for positive 
values of Ay. It vanishes for An = 0. The expression is 
therefore incapable of a negative value, and can have the value 
0 only for An = 0. The inequality (423) will hold therefore 
unless An =0 for all phases. The theorem is therefore 
proved. 

Theorem II. If an ensemble of systems is canonically dis- 
tributed in phase, the average index of probability is less than 
in any other distribution of the ensemble having the same 
average energy. 

For the canonical distribution let the index be Gb —e)/9, 
and for another having the same average energy let the index 
be (yr — €) /@ + An, where An is an arbitrary function of the 


phase subject only to the limitation involved in the notion of 
the index, that 


MAXIMUM AND MINIMUM PROPERTIES. 131 


de fie dp... da =f... fe dp, ... dq, = 1, 
phases 


phases 
(424) 
and to that relating to the constant average energy, that 
ie Yet an a _ 
Jefe dp ...dgy=f... fee? dp... dg. (425) 
phases phases 


It is to be proved that 


all anti 
: ve 

Jf ($-§ + anle® dp,...dq, > 

phases 


a = 
J S(-3)° ph Rady (426) 
phases 


Now in virtue of the first condition (424) we may cancel the 
constant term y /@ in the’parentheses in (426), and in virtue 
of the second condition (425) we may cancel the term ¢/®. 
The proposition to be proved is thus reduced to 


+An 
Ane ® Wiles -1adac> 0; 
phases 
which may be written, in virtue of the condition (424), 


we 
(Ane? +L — ee? dp; svdgg-> 0. (427) 


phases 


In this form its truth is evident for the same reasons which 
applied to (423). 

Theorem III. If ® is any positive constant, the average 
value in an ensemble of the expression 7 + ¢/ © (» denoting 
as usual the index of probability and ¢ the energy) is less when 
the ensemble is distributed canonically with modulus @, than 
for any other distribution whatever. 

In accordance with our usual notation let us write 
(4 — e)/®@ for the index of the canonical distribution. in any 
other distribution let the index be (Ww — €)/® + An. 
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In the canonical ensemble 7 + ¢/@ has the constant value 
a /@; in the other ensemble it has the value w/® -+ An. 
The proposition to be proved may therefore be written 


¥ 9 IOS Fs 
vf. [(§+ Ane dp, ... dq, (428) 
phases 


where 
an ye an ee 
cou e =1. (429 
ibsed le dp,...dq,=|]--.,e@  dpi.-..dg,=1. (429) 
phases phases 


In virtue of this condition, since y/® is constant, the propo- 
sition to be proved reduces to 


2D Si 
o<f...fane ® Bik Nes (430) 


where the demonstration may be concluded as in the last 
theorem. 

If we should substitute for the energy in the preceding 
theorems any other function of the phase, the theorems, mu- 
tatis mutandis, would still hold. On account of the unique 
importance of the energy as a function of the phase, the theo- 
rems as given are especially worthy of notice. When the case 
is such that other functions of the phase have important 
properties relating to statistical equilibrium, as described 
in Chapter IV,* the three following theorems, which are 
generalizations of the preceding, may be useful. It will be 
sufficient to give them without demonstration, as the principles 
involved are in no respect different. 

Theorem IV. If an ensemble of systems is so distributed in 
phase that the index of probability is any function of F,, F,, 
etc., (these letters denoting functions of the phase, ) the average 
value of the index is less than for any other distribution in 
phase in which the distribution with respect to the functions 
#,, F,, etc. is unchanged. 


* See pages 37-41. 
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Theorem V. If an ensemble of systems is so distributed 
in phase that the index of probability is a linear function of 
F,, F,, etc., (these letters denoting functions of the phase,) the 
average value of the index is less than for any other distribu- 
tion in which the functions /, /,, etc. have the same average 
values. 

Theorem VI. ‘The average value in an ensemble of systems 
of 7 + F (where 7 denotes as usual the index of probability and 
F any function of the phase) is less when the ensemble is so 
distributed that 7 + F is constant than for any other distribu- 
tion whatever. 

Theorem VII. If a system which in its different phases 
constitutes an ensemble consists of two parts, and we consider 
the average index of probability for the whole system, and 
also the average indices for each of the parts taken separately, 
the sum of the average indices for the parts will be either less 
than the average index forethe whole system, or equal to it, 
but cannot be greater. The limiting case of equality occurs 
when the distribution in phase of each part is independent of 
that of the other, and only in this case. 


Let the codrdinates and momenta of the whole system be 
Bae 4G Pio Per OL Which 9,4. 29m P+ « +Pm relate to one 
part of the system, and gmi.5+ ++ Qn» Pmt1>+++Pn to the other. 
If the index of probability for the whole system is denoted by 
n, the probability that the phase of an unspecified system lies 
within any given limits is expressed by the integral 


ip . fap, 11 Wy (431) 
taken for those limits. If we set 
i ’ fe AD wath inls ODL eae se dg =e (432) 


where the integrations cover all phases of the second system, 
and. 


(i: ; fe dp, . peda in. agp =e", (433) 


134 MAXIMUM AND MINIMUM PROPERTIES. 


where the integrations cover all phases of the first system, 
the integral (431) will reduce to the form 


fo fe Be andy «din (434) 


when the limits can be expressed in terms of the codrdinates 
and momenta of the first part of the system. The same integral 
will reduce to 


fev fOr times s+ Ae dimes +. dy (485) 


when the limits can be expressed in terms of the codrdinates 
and momenta of the second part of the system. It is evident 
that», and 7, are the indices of probability for the two parts 
of the system taken separately. 

The main proposition to be proved may be written 


fo fre der dam + fe fine Apes. 404S 
foofre dps... das (436) 


where the first integral is to be taken over all phases of the first 
part of the system, the second integral over all phases of the 
second part of the system, and the last integral over all phases 
of the whole system. Now we have 


gfe Or eA: (437) 
fovef ede nn dre, (438) 


and ft 5 ye ele dq, = aU (439) 


where the limits cover in each case all the phases to which the 
variables relate. The two last equations, which are in them- 


selves evident, may be derived by partial integration from the 
first. | 
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It appears from the definitions of , and 7, that (486) may 
also be written 


fon frear dat fe [med dns 


Joo fre dr tan; (440) 


or fo f@-m= med... da 20, 
where the integrations cover all phases. Adding the equation 


f.-feran... d=, (441) 


which we get by multiplying (488) and (439), and subtract- 
ing (487), we have for the proposition to be proved 


all 
ats : fta- 1 — ys)" + e**™ — e"] dp,...dgq, 20. (442) 
phases o 
Let 
u=n—-m—%M- (443) 
The main proposition two be proved may be written 


all 
fi fue tia ener dn... dg 2 0. (444) 
phases 
This is evidently true since the quantity in the parenthesis is 
incapable of a negative value.* Moreover the sign = can 
hold only when the quantity in the parenthesis vanishes for 
all phases, t%.¢., when «=Q90 for all phases. This makes 
7 =, + N for all phases, which is the analytical condition 
which expresses that the distributions in phase of the two 
parts of the system are independent. 

Theorem VIII. If two or more ensembles of systems which 
are identical in nature, but may be distributed differently in 
phase, are united to form a single ensemble, so that the prob- 
ability-coefficient of the resulting ensemble is a linear function 


* See Theorem I, where this is proved of a similar expression. 
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of the probability-coefficients of the original ensembles, the 
average index of probability of the resulting ensemble cannot 
be greater than the same linear function of the average indices 
of the original ensembles. It can be equal to it only when 
the original ensembles:are similarly distributed in phase. 

Let P,, P,, etc. be the probability-coefficients of the original 
ensembles, and P that of the ensemble formed by combining 
them; and let WV,, WV,, etc. be the numbers of systems in the 
original ensembles. It is evident that we shall have 


P=¢,P,+ ¢P, + etc. = (cP), (445) 


N;, 


_ 1 So aes 
where C1 Sayed Sa? ete. (446) 


The main proposition to be proved is that 


all all 
Jef Prog Pan...da [of - J P.t0¢ Prdps.- dr | 


phases phases 
(447) 
all 
or ip ; ft (: Py log P;) — Plog P] dp,... dq, >0. (448) 
phases 
If we set 


QO, = P, log P, — P, log P— P, +P 


Q, will be positive, except when it vanishes for P, = P. To 


prove this, we may regard P, and P asany positive quantities. 
Then 


dQ 
Ge), = log P; — log P, 


PON ae 
dP), Py” 
Since Q, and dQ,/dP, vanish for P, = FP, and the second 


differential coefficient is always positive, Q, must be positive 


except when P, =P. Therefore, if Q,, etc. have similar 
definitions, 


3(c, Q;) >0. (449) 
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But since ae) SL 
and S qQ = Ie, 
= (aq 1) = 3 (Gq P; log Pi) — P log P. (450) 


This proves (448), and shows that the sign = will hold only 
when 
P,=P, P,=P, ete. 

for all phases, z.¢., only when the distribution in phase of the 
original ensembles are all identical. 

Theorem IX. A uniform distribution of a given number of 
_ systems within given limits of phase gives a less average index 
of probability of phase than any other distribution. 

Let 7 be the constant index of the uniform distribution, and 
m + An the index of some other distribution. Since the num- 
ber of systems within the given limits is the same in the two 
distributions we have 


jes RO REN Best eT a (451) 


where the integrations, like those which follow, are to be 
taken within the given limits. The proposition to be proved 
may be written 


ik : fot aner™ dp... .dqy> f i Lfnedps..- dy, (452) 


or, since 7 is constant, 


Jo fart an ender...dan> fe. finder... dan. (453) 


In (451) also we may cancel the constant factor e”, and multiply 
by the constant factor (7 + 1). This gives 


fo frt nan. ..din= fe. fr+ dD dor... day. 


The subtraction of this equation will not alter the inequality 
to be proved, which may therefore be written 


fe f@r-Deray, dn > fof dy. de 
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or foe fend? 2" 41) dp, day > 0. (454) 


Since the parenthesis in this expression represents a positive 
value, except when it -vanishes for An = 0, the integral will 
be positive unless An vanishes everywhere within the limits, 
which would make the difference of the two distributions 
vanish. ‘The theorem is therefore proved. 


CHAPTER XII. 


ON THE MOTION OF SYSTEMS AND ENSEMBLES OF SYS- 
TEMS THROUGH LONG PERIODS OF TIME. 


AN important question which suggests itself in regard to any 
case of dynamical motion is whether the system considered 
will return in the course of time to its initial phase, or, if it 
will not return exactly to that. phase, whether it will do so to 
any required degree of approximation in the course of a suffi- 
ciently long time. To be able to give even a partial answer 
to such questions, we must know something in regard to the 
dynamical nature of the system. In the following theorem, 
the only assumption in this respect is such as we have found 
necessary for the existence of the canonical distribution. 

If we imagine an ensemble of identical systems to be 
distributed with a uniform density throughout any finite 
extension-in-phase, the number of the systems which leave 
the extension-in-phase and will not return to it in the course 
of time is less than any assignable fraction of the whole 
number; provided, that the total extension-in-phase for the 
systems considered between two limiting values of the energy 
is finite, these limiting values being less and greater respec- 
tively than any of the energies of the first-mentioned exten- 
sion-in-phase. 

To prove this, we observe that at the moment which we 
call initial the systems occupy the given extension-in-phase. 
It is evident that some systems must leave the extension 
immediately, unless all remain in it forever. Those systems 
which leave the extension at the first instant, we shall call 
the front of the ensemble. It will be convenient to speak of 
this front as generating the extension-in-phase through which it 
passes in the course of time, as in geometry a surface is said to 
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generate the volume through which it passes. In equal times 
the front generates equal extensions in phase. This is an 
immediate consequence of the principle of conservation of 
extension-in-phase, unless indeed we prefer to consider it as 
a slight variation in the expression of that principle. For in 
two equal short intervals of time let the extensions generated 
be A and B. (We make the intervals short simply to avoid 
the complications in the enunciation or interpretation of the 
principle which would arise when the same extension-in-phase 
is generated more than once in the interval considered.) Now 
if we imagine that at a given instant systems are distributed 
throughout the extension A, it is evident that the same 
systems will after a certain time occupy the extension B, 
which is therefore equal to 4 in virtue of the principle cited. 
The front of the ensemble, therefore, goes on generating 
equal extensions in equal times. But these extensions are 
included in a finite extension, viz., that bounded by certain 
limiting values of the energy. Sooner or later, therefore, 
the front must generate phases which it has before generated. 
Such second generation of the same phases must commence 
with the initial phases. Therefore a portion at least of the 
front must return to the original extension-in-phase. The 
same is of course true of the portion of the ensemble which 
follows that portion of the front through the same phases at 
a later time. 

It remains to consider how large the portion of the ensemble 
is, which will return to the original extension-in-phase. There 
can be no portion of the given extension-in-phase, the systems 
of which leave the extension and do not return. For we can 
prove for any portion of the extension as for the whole, that 
at least a portion of the systems leaving it will return. 

We may divide the given extension-in-phase into parts as 
follows. There may be parts such that the systems within 
them will never pass out of them. These parts may indeed 
constitute the whole of the given extension. But if the given 
extension is very small, these parts will in general be non- 
existent. There may be parts such that systems within them 
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will all pass out of the given extension and all return within 
it. ‘The whole of the given extension-in-phase is made up of 
parts of these two kinds. This does not exclude the possi- 
bility of phases on the boundaries of such parts, such that 
systems starting with those phases would leave the extension 
and never return. But in the supposed distribution of an 
ensemble of systems with a uniform density-in-phase, such 
systems would not constitute any assignable fraction of the 
whole number. 

These distinctions may be illustrated by a very simple 
example. If we consider the motion of a rigid body of 
which one point is fixed, and which is subject to no forces, 
we find three cases. (1) The motion is periodic. (2) The 
system will never return to its original phase, but will return 
infinitely near to it. (8) The system will never return either 
exactly or approximately to its original phase. But if we 
consider any extension-inephase, however small, a system 
leaving that extension will return to it except in the case 
called by Poinsot ‘singular,’ viz., when the motion is a 
rotation about an axis lying in one of two planes having 
a fixed position relative to the rigid body. But all such 
phases do not constitute any true eztension-in-phase in the 
sense in which we have defined and used the term.* 

In the same way it may be proved that the systems in a 
canonical ensemble which at a given instant are contained 
within any finite extension-in-phase will in general return to 


* An ensemble of systems distributed in phase is a less simple and ele- 
mentary conception than a single system. But by the consideration of 
suitable ensembles instead of single systems, we may get rid of the incon- 
venience of having to consider exceptions formed by particular cases of the 
integral equations of motion, these cases simply disappearing when the 
ensemble is substituted for the single system as a subject of study. This 
is especially true when the ensemble is distributed, as in the case called 
canonical, throughout an extension-in-phase. In a less degree it is true of 
the microcanonical ensemble, which does not occupy any extension-in-phase, 
(in the sense in which we have used the term,) although it is convenient to 
regard it as a limiting case with respect to ensembles which do, as we thus 
gain for the subject some part of the analytical simplicity which belongs to 
the theory of ensembles which occupy true extensions-in-phase. 
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that extension-in-phase, if they leave it, the exceptions, 7. e., 
the number which pass out of the extension-in-phase and do 
not return to it, being less than any assignable fraction of the 
whole number. In other words, the probability that a system 
taken at random from the part of a canonical ensemble which 
is contained within any given extension-in-phase, will pass out 
of that extension and not return to it, is zero. 

A similar theorem may be enunciated with respect to a 
microcanonical ensemble. Let us consider the fractional part 
of such an ensemble which lies within any given limits of 
phase. This fraction we shall denote by F. It is evidently 
constant in time since the ensemble is in statistical equi- 
librium. The systems within the limits will not in general 
remain the same, but some will pass out in each unit of time 
while an equal number come in. Some may pass out never 
to return within the limits. But the number which in any 
time however long pass out of the limits never to return will 
not bear any finite ratio to the number within the limits at 
a given instant. For, if it were otherwise, let f denote the 
fraction representing such ratio for the time Z. Then, in 
the time 7, the number which pass out never to return will 
bear the ratio f F to the whole number in the ensemble, and 
in a time exceeding 7/(f#) the number which pass out of 
the limits never to return would exceed the total number 
of systems in the ensemble. The proposition is therefore 
proved. 

This proof will apply to the cases before considered, and 
may be regarded as more simple than that which was given. 
It may also be applied to any true case of statistical equilib- 
rinm. By a true case of statistical equilibrium is meant such 
as may be described by giving the general value of the prob- 
ability that an unspecified system of the ensemble is con- 
tained within any given limits of phase.* 


* An ensemble in which the systems 
move in vertical circles, 
highest points, cannot affo 


are material points constrained to 
with just enough energy to carry them to the 
rd a true example of statistical equilibrium. For 
any other value of the energy than the critical value mentioned, we might 
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Let us next consider whether an ensemble of isolated 
systems has any tendency in the course of time toward a 
state of statistical equilibrium. 

There are certain functions of phase which are constant in 
time. The distribution of the ensemble with respect to the 
values of these functions is necessarily invariable, that is, 
the number of systems within any limits which can be 
specified in terms of these functions cannot vary in the course 
of time. The distribution in phase which without violating 
this condition gives the least value of the average index of 
probability of phase (7) is unique, and is that in which the 


in various ways describe an ensemble in statistical equilibrium, while the 
same language applied to the critical value of the energy would fail to do 
so. Thus, if we should say that the ensemble is so distributed that the 
probability that a system is in any given part of the circle is proportioned 
‘o the time which a single system spends in that part, motion in either direc- 
tion being equally probable, we should perfectly define a distribution in sta- 
tistical equilibrium for any value of the energy except the critical value- 
mentioned above, but for this value of the energy all the probabilities in 
question would vanish unless the highest point is included in the part of the 
circle considered, in which case the probability is unity, or forms one of its 
limits, in which case the probability is indeterminate. Compare the foot-note 
on page 118. 

A still more simple example is afforded by the uniform motion of a 
material point ina straight line. Here the impossibility of statistical equi- 
librium is not limited to any particular energy, and the canonical distribu- 
tion as well as the microcanonical is impossible. 

These examples are mentioned here in order to show the necessity of 
caution in the application of the above principle, with respect to the question 
whether we have to do with a true case of statistical equilibrium. 

Another point in respect to which caution must be exercised is that the 
part of an ensemble of which the theorem of the return of systems is asserted 
should be entirely defined by /imits within which it is contained, and not by 
any such condition as that a certain function of phase shall have a given 
value. This is necessary in order that the part of the ensemble which is 
considered should be any assignable fraction of the whole. Thus, if we have 
a canonical ensemble consisting of material points in vertical circles, the 
theorem of the return of systems may be applied to a part of the ensemble 
defined as contained in a given part of the circle. But it may not be applied 
in all cases to a part of the ensemble defined as contained in a given part 
of the circle and having a given energy. It would, in fact, express the exact 
opposite of the truth when the given energy is the critical value mentioned 
above. 
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index of probability (7) isa function of the functions men- 
tioned.* It is therefore a permanent distribution,t and the 
only permanent distribution consistent with the invariability 
of the distribution with respect to the functions of phase 
which are constant in time. 

It would seem, therefore, that we might find a sort of meas- 
ure of the deviation of an ensemble from statistical equilibrium 
in the excess of the average index above the minimum which is 
consistent with the condition of the invariability of the distri- 
bution with respect to the constant functions of phase. But 
we have seen that the index of probability is constant in time 
for each system of the ensemble. The average index is there- 
fore constant, and we find by this method no approach toward 
statistical equilibrium in the course of time. 

Yet we must here exercise great caution. One function 
may approach indefinitely near to another function, while 
some quantity determined by the first does not approach the 
corresponding quantity determined by the second. A line 
joining two points may approach indefinitely near to the 
straight line joining them, while its length remains constant. 
We may find a closer analogy with the case under considera- 
tion in the effect of stirring an incompressible liquid.t In 
space of 2 dimensions the case might be made analyti- 
cally identical with that of an ensemble of systems of n 
degrees of freedom, but the analogy is perfect in ordinary 
space. Let us suppose the liquid to contain a certain amount 
of coloring matter which does not affect its hydrodynamic 
properties. Now the state in which the density of the coloring 
matter is uniform, 7. ¢., the state of perfect mixture, which is 
a sort of state of equilibrium in this respect that the distribu- 
tion of the coloring matter in space is not affected by the 
internal motions of the liquid, is characterized by a minimum 


* See Chapter XI, Theorem IV. 
+ See Chapter IV, sub init. 


t By liquid is here meant the continuous body of theoretical hydrody- 


namics, and not anything of the molecular structure and molecular motions 
of real liquids. 
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value of the average square of the density of the coloring 
matter. Let us suppose, however, that the coloring matter is 
distributed with a variable density. If we give the liquid any 
motion whatever, subject only to the hydrodynamic law of 
incompressibility, — it may be a steady flux, or it may vary 
with the time,—the density of the coloring matter at any 
same point of the liquid will be unchanged, and the average 
square of this density will therefore be unchanged. Yet no 
fact is more familiar to us than that stirring tends to bring a 
liquid to a state of uniform mixture, or uniform densities of 
its components, which is characterized by minimum values 
of the average squares of these densities. Itis quite true that 
in the physical experiment the result is hastened by the 
process of diffusion, but the result is evidently not dependent 
on that process. 

The contradiction is to be traced to the notion of the density 
of the coloring matter, and the process by which this quantity 
is evaluated. This quantity is the limiting ratio of the 
quantity of the coloring matter in an element of space to the 
volume of that element. Now if we should take for our ele- 
ments of volume, after any amount of stirring, the spaces 
occupied by the same portions of the liquid which originally 
occupied any given system of elements of volume, the densi- 
ties of the coloring matter, thus estimated, would be identical 
with the original densities as determined by the given system 
of elements of volume. Moreover, if at the end of any finite 
amount of stirring we should take our elements of volume in 
any ordinary form but sufficiently small, the average square 
of the density of the coloring matter, as determined by such 
element of volume, would approximate to any required degree 
to its value before the stirring. But if we take any element 
of space of fixed position and dimensions, we may continue 
the stirring so long that the densities of the colored liquid 
estimated for these fixed elements will approach a uniform 
limit, viz., that of perfect mixture. 

The case is evidently one of those in which the limit of a 
limit has different values, according to the order in which we 
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apply the processes of taking a limit. If treating the elements 
of volume as constant, we continue the stirring indefinitely, 
we get a uniform density, a result not affected by making the 
elements as small as we choose; but if treating the amount of 
stirring as finite, we diminish indefinitely the elements of 
volume, we get exactly the same distribution in density as 
before the stirring, a result which is not affected by con- 
tinuing the stirring as long as we choose. The question is 
largely one of language and definition. One may perhaps be 
allowed to say that a finite amount of stirring will not affect 
the mean square of the density of the coloring matter, but an 
infinite amount of stirring may be regarded as producing a 
condition in which the mean square of the density has its 
minimum value, and the density is uniform. We may cer- 
tainly say that a sensibly uniform density of the colored com- 
ponent may be produced by stirring. Whether the time 
required for this result would be long or short depends upon 
the nature of the motion given to the liquid, and the fineness 
of our method of evaluating the density. 

All this may appear more distinctly if we consider a special 
case of liquid motion. Let us imagine a cylindrical mass of 
liquid of which one sector of 90° is black and the rest white. 
Let it have a motion of rotation about the axis of the cylinder 
in which the angular velocity is a function of the distance 
from the axis. In the course of time the black and the white 
parts would become drawn out into thin ribbons, which would 
be wound spirally about the axis. The thickness of these rib- 
bons would diminish without limit, and the liquid would there- 
fore tend toward a state of perfect mixture of the black and 
white portions. That is, in any given element of space, the 
proportion of the black and white would approach 1: 3 asa limit. 
Yet after any finite time, the total volume would be divided 
into two parts, one of which would consist of the white liquid 
exclusively, and the other of the black exclusively. If the 
coloring matter, instead of being distributed initially with a 
uniform density throughout a section of the cylinder, were 
distributed with a density represented by any arbitrary func- 
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tion of the cylindrical codrdinates 7, 6 and z, the effect of the 
same motion continued indefinitely would be an approach to 
a condition in which the density is a function of r and z alone. 
In this limiting condition, the average square of the density 
would be less than in the original condition, when the density 
was supposed to vary with @, although after any finite time 
the average square of the density would be the same as at 
first. 

If we limit our attention to the motion in a single plane 
perpendicular to the axis of the cylinder, we have something 
which is almost identical with a diagrammatic representation 
of the changes in distribution in phase of an ensemble of 
systems of one degree of freedom, in which the motion is 
periodic, the period varying with the energy, as in the case of 
a pendulum swinging in a circular are. If the codrdinates 
and momenta of the systems are represented by rectangu- 
lar codrdinates in the diagram, the points in the diagram 
representing the changing phases of moving systems, will 
move about the origin in closed curves of constant energy. 
The motion will be such that areas bounded by points repre- 
senting moving systems will be preserved. The only differ- 
ence between the motion of the liquid and the motion in the 
diagram is that in one case the paths are circular, and in the 
other they differ more or less from that form. 

When the energy is proportional to p* + q? the curves of 
constant energy are circles, and the period is independent of 
the energy. There is then no tendency toward a state of sta- 
tistical equilibrium. The diagram turns about the origin with- 
out change of form. This corresponds to the case of liquid 
motion, when the liquid revolves with a uniform angular 
velocity like a rigid solid. 

The analogy between the motion of an ensemble of systems 
in an extension-in-phase and a steady current in an incompres- 
sible liquid, and the diagrammatic representation of the case 
of one degree of freedom, which appeals to our geometrical in- 
tuitions, may be sufficient to show how the conservation of 
density in phase, which involves the conservation of the 
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average value of the index of probability of phase, is consist- 
ent with an approach to a limiting condition in which that 
average value is less. We might perhaps fairly infer from 
such considerations as have been adduced that an approach 
to a limiting condition of statistical equilibrium is the general 
rule, when the initial condition is not of that character. But 
the subject is of such importance that it seems desirable to 
give it farther consideration. 

Let us suppose that the total extension-in-phase for the 
kind of system considered to be divided into equal elements 
(DV) which are very small but not infinitely small. Let us 
imagine an ensemble of systems distributed in this extension 
in a manner represented by the index of probability , which 
is an arbitrary function of the phase subject only to the re- 
striction expressed by equation (46) of Chapter I. We shall 
suppose the elements DV to be so small that 7 may in gen- 
eral be regarded as sensibly constant within any one of them 
at the initial moment. Let the path of a system be defined as 
the series of phases through which it passes. 

At the initial moment (¢’) a certain system is in an element 
of extension DV’. Subsequently, at the time ¢’, the same 
system is in the element DV". Other systems which were 
at first in DV’ will at the time t’ be in DV”, but not all, 
probably. The systems which were at first in DV" will at 
the time ¢’’ occupy an extension-in-phase exactly as large as at 
first. But it will probably be distributed among a very great 
number of the elements (DV) into which we have divided 
the total extension-in-phase. If it is not so, we can generally 
take a later time at which it will be so. There will be excep- 
tions to this for particular laws of motion, but we will con- 
fine ourselves to what may fairly be called the general case. 
Only a very small part of the systems initially in DV’ will 
be found in DV" at the time t’, and those which are found in 
DV" at that time were at the initial moment distributed 
among a very large number of elements DV. 

What is important for our purpose is the value of 7, the 
index of probability of phase in the element DV” at the time 
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t’, In the part of DV” occupied by systems which at the 
time ¢ were in DV’ the value of 7 will be the same as its 
value in DV’ at the time ¢’, which we shall call 7’. In the 
parts of DV” occupied by systems which at ? were in ele- 
ments very near to DV’ we may suppose the value of 7 to 
vary little from 7’. We cannot assume this in régard to parts 
of DV” occupied by systems which at t were in elements 
remote from DV’. We want, therefore, some idea of the 
nature of the extension-in-phase occupied at ¢ by the sys- 
tems which at t’ will occupy DV". Analytically, the prob- 
lem is identical with finding the extension occupied at ¢! 
by the systems which at ¢ occupied DV’. Now the systems 
in DV” which lie on the same path as the system first con- 
sidered, evidently arrived at DV” at nearly the same time, 
and must have left DV’ at nearly the same time, and there- 
fore at ¢ were in or near DV'. We may therefore take 7! as 
the value for these systéms. ‘The same essentially is true of 
systems in DV" which lie on paths very close to the path 
already considered. But with respect to paths passing through 
DV' and DV", but not so close to the first path, we cannot 
assume that the time required to pass from DV’ to DV" is 
nearly the same as for the first path. The difference of the 
times required may be small in comparison with ¢/-¢’, but as 
this interval can be as large as we choose, the difference of the 
times required in the different paths has no limit to its pos- 
sible value. Now if the case were one of statistical equilib- 
rium, the value of 7 would be constant in any path, and if all 
the paths which pass through DV" also pass through or near 
DV', the value of 7 throughout DV” will vary little from 
nm’. But when the case is not one of statistical equilibrium, 
we cannot draw any such conclusion. The only conclusion 
which we can draw with respect to the phase at ¢/ of the sys- 
tems which at ¢/’ are in DV" is that they are nearly on the 
same path. 

Now if we should make a new estimate of indices of prob- 
ability of phase at the time ¢’, using for this purpose the 
elements DV, — that is, if we should divide the number of 
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systems in DV", for example, by the total number of systems, 
and also by the extension-in-phase of the element, and take 
the logarithm of the quotient, we would get a number which 
would be less than the average value of » for the systems 
within DV” based on the distribution in phase at the time ¢’.* 
Hence the average value of 7 for the whole ensemble of 
systems based on the distribution at ¢’ will be less than the 
average value based on the distribution at ¢’. 

We must not forget that there are exceptions to this gen- 
eral rule. These exceptions are in cases in which the laws 
of motion are such that systems having small differences 
of phase will continue always to have small differences of 
phase. 

It is to be observed that if the average index of probability in 
an ensemble may be said in some sense to have a less value at 
one time than at another, it is not necessarily priority in time 
which determines the greater average index. If a distribution, 
which is net one of statistical equilibrium, should be given 
for a time @’, and the distribution at an earlier time ¢’ should 
be defined as that given by the corresponding phases, if we 
increase the interval leaving ¢’ fixed and taking ¢” at an earlier 
and earlier date, the distribution at ¢ will in general approach 
a limiting distribution which is in statistical equilibrium. The 
determining difference in such cases is that between a definite 
distribution at a definite time and the limit of a varying dis- 
tribution when the moment considered is carried either forward 
or backward indefinitely. + 

But while the distinction of prior and subsequent events 
may be immaterial with respect to mathematical fictions, it is 
quite otherwise with respect to the events of the real world. 
It should not be forgotten, when our ensembles are chosen to 
illustrate the probabilities of events in the real world, that 


* See Chapter XI, Theorem IX. 
+ One may compare the kinematical truism that when two points are 
moving with uniform velocities, (with the single exception of the case where 


the relative motion is zero,) their mutual distance at any definite time is less 
than fort =o, ort=—o. 
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while the probabilities of subsequent events may often be 
determined from the probabilities of prior events, it is rarely 
the case that probabilities of prior events can be determined 
from those of subsequent events, for we are rarely justified in 
excluding the consideration of the antecedent probability of 
the prior events. 

It is worthy of notice that to take a system at random from 
an ensemble at a date chosen at random from several given 
dates, t', t’’, etc., is practically the same thing as to take a sys- 
tem at random from the ensemble composed of all the systems 
of the given ensemble in their phases at the time ¢’, together 
with the same systems in their phases at the time t”’, etc. By 
Theorem VIII of Chapter XI this will give an ensemble in 
which the average index of probability will be less than in 
the given ensemble, except in the case when the distribution 
in the given ensemble is the same at the times 7’, t’’, etc. 
Consequently, any indefiniteness in the time in which we take 
a system at random from an ensemble has the practical effect 
of diminishing the average index of the ensemble from which 
the system may be supposed to be drawn, except when the 
given ensemble is in statistical equilibrium. 


CHAPTER XIII. 


EFFECT OF VARIOUS PROCESSES ON AN ENSEMBLE OF 
SYSTEMS. 


In the last chapter and in Chapter I we have considered the 
changes which take place in the course of time in an ensemble 
of isolated systems. Let us now proceed to consider the 
changes which will take place in an ensemble of systems under 
external influences. These external influences will be of two 
kinds, the variation of the codrdinates which we have called 
external, and the action of other ensembles of systems. The 
essential difference of the two kinds of influence consists in 
this, that the bodies to which the external codrdinates relate 
are not distributed in phase, while in the case of interaction 
of the systems of two ensembles, we have to regard the fact 
that both are distributed in phase. To find the effect pro- 
duced on the ensemble with which we are principally con- 
cerned, we have therefore to consider single values of what 
we have called external codrdinates, but an infinity of values 
of the internal codrdinates of any other ensemble with which 
there is interaction. 

Or, — to regard the subject from another point of view, — 
the action between an unspecified system of an ensemble and 
the bodies represented by the external codrdinates, is the 
action between a system imperfectly determined with respect 
to phase and one which is perfectly determined; while the 
interaction between two unspecified systems belonging to 
different ensembles is the action between two systems both of 
which are imperfectly determined with respect to phase.* 

We shall suppose the ensembles which we consider to be 
distributed in phase in the manner described in Chapter I, and 


* In the development of the subject, we shall find that this distinction 


corresponds to the distinction in thermodynamics between mechanical and 
thermal action. 
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represented by the notations of that chapter, especially by the 
index of probability of phase (7). There are therefore 2 n 
independent variations in the phases which constitute the 
ensembles considered. This excludes ensembles like the 
microcanonical, in which, as energy is constant, there are 
only 2n—1 independent variations of phase. This seems 
necessary for the purposes of a general discussion. For 
although we may imagine a microcanonical ensemble to have 
a permanent existence when isolated from external influences, 
the effect of such influences would generally be to destroy the 
uniformity of energy in the ensemble. Moreover, since the 
microcanonical ensemble may be regarded as a limiting case of 
such ensembles as are described in Chapter I, (and that in 
more than one way, as shown in Chapter X,) the exclusion is 
rather formal than real, since any properties which belong to 
the microcanonical ensemble could easily be derived from those 
of the ensembles of Chapter I, which in a certain sense may 
be regarded as representing the general case. 

Let us first consider the effect of variation of the external 
cotrdinates. We have already had occasion to regard these 
quantities as variable in the differentiation of certain equations 
relating to ensembles distributed according to certain laws 
called canonical or microcanonival. That variation of the 
external coordinates was, however, only carrying the atten- 
tion of the mind from an ensemble with certain values of the 
external codérdinates, and distributed in phase according to 
some general law depending upon those values, to another 
ensemble with different values of the external codrdinates, and 
with the distribution changed to conform to these new values. 

What we have now to consider is the effect which would 
actually result in the course of time in an ensemble of systems 
in which the external codrdinates should be varied in any 
arbitrary manner. Let us suppose, in the first place, that 
these codrdinates are varied abruptly at a given instant, being 
constant both before and after that instant. By the definition 
of the external codrdinates it appears that this variation does 
not affect the phase of any system of the ensemble at the time 
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when it takes place. Therefore it does not affect the index of 
probability of phase (7) of any system, or the average value 
of the index (7) at that time. And if these quantities are 
constant in time before the variation of the external codrdi- 
nates, and after that variation, their constancy in time is not 
interrupted by that variation. In fact, in the demonstration 
of the conservation of probability of phase in Chapter I, the 
variation of the external coordinates was not excluded. 

But a variation of the external codrdinates will in general 
disturb a previously existing state of statistical equilibrium. 
For, although it does not affect (at the first instant) the 
distribution-in-phase, it does affect the condition necessary for 
equilibrium. This condition, as we have seen in Chapter TV; 
is that the index of probability of phase shall be a function of 
phase which is constant in time for moving systems. Now 
a change in the external codrdinates, by changing the forces 
which act on the systems, will change the nature of the 
functions of phase which are constant in time. Therefore, 
the distribution in phase which was one of statistical equi- 
librium for the old values of the external codrdinates, will not 
be such for the new values. 

Now we have seen, in the last chapter, that when the dis- 
tribution-in-phase is not one of statistical equilibrium, an 
ensemble of systems may, and in general will, after a longer or 
shorter time, come to a state which may be regarded, if very 
small differences of phase are neglected, as one of statistical 
equilibrium, and in which consequently the average value of 
the index (7) is less than at first. It is evident, therefore, 
that a variation of the external codrdinates, by disturbing a 
state of statistical equilibrium, may indirectly cause a diminu- 
tion, (in a certain sense at least,) of the value of 7. 

But if the change in the external codrdinates is very small, 
the change in the distribution necessary for equilibrium will 
in general be correspondingly small. Hence, the original dis- 
tribution in phase, since it differs little from one which would 
be in statistical equilibrium with the new values of the ex- 
ternal codrdinates, may be supposed to have a value of 7 
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which differs by a small quantity of the second order from 
the minimum value which characterizes the state of statistical 
equilibrium. And the diminution in the average index result- 
ing in the course of time from the very small change in the 
external codrdinates, cannot exceed this small quantity of 
the second order. 

Hence also, if the change in the external codrdinates of an 
ensemble initially in statistical equilibrium consists in suc- 
cessive very small changes separated by very long intervals of 
time in which the disturbance of statistical equilibrium be- 
comes sensibly effaced, the final diminution in the average 
index of probability will in general be negligible, although the 
total change in the external codrdinates is large. The result 
will be the same if the change in the external codrdinates 
takes place continuously but sufficiently slowly. 

Even in cases in which there is no tendency toward the 
restoration of statisticakeq uilibrium in the lapse of time, a varia- 
tion of external codrdinates which would cause, if it took 
place in a short time, a great disturbance of a previous state 
of equilibrium, may, if sufficiently distributed in time, produce 
no sensible disturbance of the statistical equilibrium. 

Thus, in the case of three degrees of freedom, let the systems 
be heavy points suspended by elastic massless cords, and let the 
ensemble be distributed in phase with a density proportioned 
to some function of the energy, and therefore in statistical equi- 
librium. For a change in the external codrdinates, we may 
take a horizontal motion of the point of suspension. If this 
is moved a given distance, the resulting disturbance of the 
statistical equilibrium may evidently be diminished indefi- 
nitely by diminishing the velocity of the point of suspension. 
This will be true if the law of elasticity of the string is such 
that the period of vibration is independent of the energy, in 
which case there is no tendency in the course of time toward 
a state of statistical equilibrium, as well as in the more general 
case, in which there is a tendency toward statistical equilibrium. 

That something of this kind will be true in general, the 
following considerations will tend to show. 


156 EFFECT OF VARIOUS PROCESSES 


We define a path as the series of phases through which a 
system passes in the course of time when the external co- 
ordinates have fixed values. When the external codrdinates 
are varied, paths are changed. The path of a phase is the 
path to which that phase belongs. With reference to any 
ensemble of systems we shall denote by Dj, the average value 
of the density-in-phase in a path. This implies that we have 
a measure for comparing different portions of the path. We 
shall suppose the time required to traverse any portion of a 
path to be its measure for the purpose of determining this 
average. 

With this understanding, let us suppose that a certain en- 
semble is in statistical equilibrium. In every element of 
extension-in-phase, therefore, the density-in-phase D is equal 
to its path-average D],. Let a sudden small change be made 
in the external codrdinates. The statistical equilibrium will be 
disturbed and we shall no longer have D= D], everywhere. 
This is not because D is changed, but because D], is changed, 
the paths being changed. It is evident that if D > Dj], in 
a part of a path, we shall have D < Dj, in other parts of the 
same path. 

Now, if we should imagine a further change in the external 
codrdinates of the same kind, we should expect it to produce 
an effect of the same kind. But the manner in which the 
second effect will be superposed on the first will be different, 
according as it occurs immediately after the first change or 
after an interval of time. If it occurs immediately after the 
first change, then in any element of phase in which the first 
change produced a positive value of D — D], the second change 
will add a positive value to the first positive value, and where 
D — D\, was negative, the second change will add a negative 
value to the first negative value. 

But if we wait a sufficient time before making the second 
change in the external codrdinates, so that systems have 
passed from elements of phase in which D -D\, was origi- 
nally positive to elements in which it was originally negative, 
and vice versa, (the systems carrying with them the values 
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of D-D],,) the positive values of D-D], caused by the 
second change will be in part superposed on negative values 
due to the first change, and vice versa. 

The disturbance of statistical equilibrium, therefore, pro- 
duced by a given change in the values of the external co- 
ordinates may be very much diminished by dividing the 
change into two parts separated by a sufficient interval of 
time, and a sufficient interval of time for this purpose is one 
in which the phases of the individual systems are entirely 
unlike the first, so that any individual system is differently 
affected by the change, although the whole ensemble is af- 
fected in nearly the same way. Since there is no limit to the 
diminution of the disturbance of equilibrium by division of 
the change in the external codrdinates, we may suppose as 
a general rule that by diminishing the velocity of the changes 
in the external codrdinates, a given change may be made to 
produce a very small disturbance of statistical equilibrium. 

If we write 7’ for the value of the average index of probability 
before the variation of the external codrdinates, and 7” for the 
value after this variation, we shall have in any case 

Sa 
as the simple result of the variation of the external codrdi- 
nates. This may be compared with the thermodynamic the- 
orem that the entropy of a body cannot be diminished by 
mechanical (as distinguished from thermal) action.* 

If we have (approximate) statistical equilibrium between 
the times ¢’ and ¢” (corresponding to 7’ and 7’), we shall have 
approximately Sa es 

Gh uy 
which may be compared with the thermodynamic theorem that 
the entropy of a body is not (sensibly) affected by mechanical 
action, during which the body is at each instant (sensibly) in 
a state of thermodynamic equilibrium. 
Approximate statistical equilibrium may usually be attained 


* The correspondences to which the reader’s attention is called are between 
— 7 and entropy, and between @ and temperature. 
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by a sufficiently slow variation of the external codrdinates, 
just as approximate thermodynamic equilibrium may usually 
be attained by sufficient slowness in the mechanical operations 
to which the body is subject. 

We now pass to the consideration of the effect on an en- 
semble of systems which is produced by the action of other 
ensembles with which it is brought into dynamical connec- 
tion. Ina previous chapter* we have imagined a dynamical 
connection arbitrarily created between the systems of two 
ensembles. We shall now regard the action between the 
systems of the two ensembles as a result of the variation 
of the external cotrdinates, which causes such variations 
of the internal codrdinates as to bring the systems of the 
two ensembles within the range of each other’s action. 

Initially, we suppose that we have two separate ensembles 
of systems, #, and H,. The numbers of degrees of freedom 
of the systems in the two ensembles will be denoted by , and 
M, respectively, and the probability-coefficients by e™ and e™. 
Now we may regard any system of the first ensemble com- 
bined with any system of the second as forming a single 
system of n,; + m, degrees of freedom. Let us consider the 
ensemble (#,,) obtained by thus combining each system of the 
first ensemble with each of the second. 

At the initial moment, which may be specified by a single 
accent, the probability-coefficient of any phase of the combined 
systems is evidently the product of the probability-coefficients 
of the phases of which it is made up. This may be expressed 
by the equation, 


em — oft’ oth’ (455) 
or m2 =m +m’, (456) 
which gives ma =m! + He’. (457) 


The forces tending to vary the internal codrdinates of the 
combined systems, together with those exerted by either 
system upon the bodies represented by the codrdinates called 


* See Chapter IV, page 37. 
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external, may be derived from a single force-function, which, 
taken negatively, we shall call the potential energy of the 
combined systems and denote by ¢,,. But we suppose that 
initially none of the systems of the two ensembles F, and 
#, come within range of each other’s action, so that the 
potential energy of the combined system falls into two parts 
relating separately to the systems which are combined. The 
same is obviously true of the kinetic energy of the combined 
compound system, and therefore of its total energy. This 
may be expressed by the equation 


€1g = € + Gy, (458) 
which gives ey’ = € + ey. (459) 


Let us now suppose that in the course of time, owing to the 
motion of the bodies represented by the codrdinates called 
external, the forces acting on the systems and consequently 
their positions are so alteréd, that the systems of the ensembles 
FH, and F, are brought within range of each other’s action, 
and after such mutual influence has lasted for a time, by a 
further change in the external codrdinates, perhaps a return 
to their original values, the systems of the two original en- 
sembles are brought again out of range of each other’s action. 
Finally, then, at a time specified by double accents, we shall 
have as at first 


‘ €,5! => é,!! + €q!!. (460) 
But for the indices of probability we must write * 
m+ a2! S m2" (461) 


The considerations adduced in the last chapter show that it 


is safe to write ‘A 
meal! S mie. (462) 


We have therefore 
ml! + ne!! S mi! + my, (463) 


which may be compared with the thermodynamic theorem that 


* See Chapter XI, Theorem VIL 
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the thermal contact of two bodies may increase but cannot 
diminish the sum of their entropies. 

Let us especially consider the case in which the two original 
ensembles were both canonically distributed in phase with the 
respective moduli @, and @,. We have then, by Theorem III 
of Chapter XI, 


Br rena é,/ (464) 
m1 6, = 1 1 
eit ny te (465) 
Ne e, = 2 0, 
Whence with (463) we have 
sie CigG 466 
oto,26, 1 ©, (466) 
ele ef, “er €_/ os 
——— 20. 467 
or entity er a= (467) 


If we write W for the average work done by the combined 
systems on the external bodies, we have by the principle of 
the conservation of energy 


w= erat — Eo! => e! eal €,! + es 7 €,!". (468) 
Now if Wis negligible, we have 
€,!! = é,! ——s (€,!! et. €,') (469) 


and (467) shows that the ensemble which has the greater 
modulus must lose energy. This result may be compared to 
the thermodynamic principle, that when two bodies of differ- 
ent temperatures are brought together, that which has the 
higher temperature will lose energy. 

Let us next suppose that the ensemble ZF, is originally 
canonically distributed with the modulus @,, but leave the 
distribution of the other arbitrary. We have, to determine 
the result of a similar process, 


mi"! ap ae = m! fe na! 
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33 Bil eeaek ” 
Hence m! + = Sm! + a (470) 
2 P) 


which may be written 


(471) 


This may be compared with the thermodynamic principle that 
when a body (which need not be in thermal equilibrium) is 
brought into thermal contact with another of a given tempera- 
ture, the increase of entropy of the first cannot be less (alge- 
braically) than the loss of heat by the second divided by its 
temperature. Where W is negligible, we may write 


Leia aed ca (472) 
m eo, = m1 @, 
Now, by Theorem III of Chapter XI, the quantity 
= = é; 
m+ @, (473) 


has a minimum value when the ensemble to which 7, and ¢, 
relate is distributed canonically with the modulus @,. If the 
ensemble had originally this distribution, the sign < in (472) 
would be impossible. In fact, in this case, it would be easy to 
show that the preceding formulae on which (472) is founded 
would all have the sign =. But when the two ensembles are 
not both originally distributed canonically with the same 
modulus, the formulae indicate that the quantity (473) may 
be diminished by bringing the ensemble to which e, and 7, 
relate into connection with another which is canonically dis- 
tributed with modulus ©,, and therefore, that by repeated 
operations of this kind the ensemble of which the original dis- 
tribution was entirely arbitrary might be brought approxi- 
mately into a state of canonical distribution with the modulus 
@,. We may compare this with the thermodynamic principle 
that a body of which the original thermal state may be entirely 
arbitrary, may be brought approximately into a state of ther- 
mal equilibrium with any given temperature by repeated con- 
nections with other bodies of that temperature. 
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Let us row suppose that we have a certain number of 
ensembles, H,, L,, #,, etc., distributed canonically with the 
respective moduli @,, ®,, ®,, ete. By variation of the exter- 
nal codrdinates of the ensemble £,, let it be brought into 
connection with £,, and then let the connection be broken. 
Let it then be brought into connection with #,, and then let 
that connection be broken. Let this process be continued 
with respect to the remaining ensembles. We do not make 
the assumption, as in some cases before, that the work connected 
with the variation of the external codrdinates is a negligible 
quantity. On the contrary, we wish especially to consider 
the case in which it is large. In the final state of the ensem- 
ble #,, let us suppose that the external codrdinates have been 
brought back to their original values, and that the average 
energy (¢,) is the same as at first. 

In our usual notations, using one and two accents to dis- 
tinguish original and final values, we get by repeated applica- 
tions of the principle expressed in (463) 


no! + mi! + ye! + ete. 2 qo! +m! + me! + ete. (474) 
But by Theorem III of Chapter XI, . 


ral? a ant tp (475) 
Oo ~ ®o 

eee ena 476 

m 0, iL ©,” (476) 
Aadll 73-4! 

pt | a ka Spat jt 

tal! + 2 tel he. (477) 


all A ea el ee esl 
Hence Sar entender’: Se Seay Se Le (478) 
2 2 
or, since €ol = €0!!, 
o9>alr a €,!! 
2 


If we write W for the average work done on the bodies repre- 
sented by the external codrdinates, we have 
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ef Ef pee tetera W; (480) 
If Z,, H,, and Z, are the only ensembles, we have 
®, —®, - = 
Ws! - 4"). (481) 


i 


It will be observed that the relations expressed in the last 
three formulae between W, e, —€,", €,' —,”, etc., and @,, 
@,, etc. are precisely those which hold in a Carnot’s cycle for 
the work obtained, the energy lost by the several bodies which 
serve as heaters or coolers, and their initial temperatures. 

It will not escape the reader’s notice, that while from one 
point of view the operations which are here described are quite 
beyond our powers of actual performance, on account of the 
impossibility of handling the immense number of systems 
which are involved, yet from another point of view the opera- 
tions described are the most simple and accurate means of 
representing what actuaHy takes place in our simplest experi- 
ments in thermodynamics. The states of the bodies which 
we handle are certainly not known to us exactly. What we 
know about a body can generally be described most accurately 
and most simply by saying that it is one taken at random 
from a great number (ensemble) of bodies which are com- 
pletely described. If we bring it into connection with another 
body concerning which we have a similar limited knowledge, 
the state of the two bodies is properly described as that of a 
pair of bodies taken from a great number (ensemble) of pairs 
which are formed by combining each body of the first en- 
semble with each of the second. 

Again, when we bring one body into thermal contact with 
another, for example, in a Carnot’s cycle, when we bring a 
mass of fluid into thermal contact with some other body from 
which we wish it to receive heat, we may do it by moving the 
vessel containing the fluid. This motion is mathematically 
expressed by the variation of the codrdinates which determine 
the position of the vessel. We allow ourselves for the pur- 
poses of a theoretical discussion to suppose that the walls of 
this vessel are incapable of absorbing heat from the fluid. 
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Yet while we exclude the kind of action which we call ther- 
mal between the fluid and the containing vessel, we allow the 
kind which we call work in the narrower sense, which takes 
place when the volume of the fluid is changed by the motion 
of a piston. This agrees with what we have supposed in 
regard to the external codrdinates, which we may vary in 
any arbitrary manner, and are in this entirely unlike the co- 
ordinates of the second ensemble with which we bring the 
first into connection. 

When heat passes in any thermodynamic experiment between 
the fluid principally considered and some other body, it is 
actually absorbed and given out by the walls of the vessel, 
which will retain a varying quantity. This is, however, a 
disturbing circumstance, which we suppose in some way made 
negligible, and actually neglect in a theoretical discussion. 
In our case, we suppose the walls incapable of absorbing en- 
ergy, except through the motion of the external codrdinates, 
but that they allow the systems which they contain to act 
directly on one another. Properties of this kind are mathe- 
matically expressed by supposing that in the vicinity of a 
certain surface, the position of which is determined by certain 
(external) codrdinates, particles belonging to the system in 
question experience a repulsion from the surface increasing so 
rapidly with nearness to the surface that an infinite expendi- 
ture of energy would be required to carry them through it. 
It is evident that two systems might be separated by a surface 
or surfaces exerting the proper forces, and yet approach each 
other closely enough to exert mechanical action on each other. 


CHAPTER XIV. 
DISCUSSION OF THERMODYNAMIC ANALOGIES. 


I¥ we wish to find in rational mechanics an a priori founda- 
tion for the principles of thermodynamics, we must seek 
mechanical definitions of temperature and entropy. The 
quantities thus defined must satisfy (under conditions and 
with limitations which again must be specified in the language 
of mechanics) the differential equation 

de = Tdn — A, da, — A, da, — etc., (482) 
where e¢, 7, and 7 denote the energy, temperature, and entropy 
of the system considered, ahd A, da,, etc., the mechanical work 
(in the narrower sense in which the term is used in thermo- 
dynamics, 7.¢., with exclusion of thermal action) done upon 
external bodies. 

This implies that we are able to distinguish in mechanical 
terms the thermal action of one system on another from that 
which we call mechanical in the narrower sense, if not indeed 
in every case in which the two may be combined, at least so as 
to specify cases of thermal action and cases of mechanical 
action. 

Such a differential equation moreover implies a finite equa- 
tion between ¢, 7, and a@,, a, etc., which may be regarded 
as fundamental in regard to those properties of the system 
which we call thermodynamic, or which may be called so from 
analogy. This fundamental thermodynamic equation is de- 
termined by the fundamental mechanical equation which 
expresses the energy of the system as function of its mo- 
menta and codrdinates with those external codrdinates (a,, a., 
etc.) which appear in the differential expression of the work 
done on external bodies. We have to show the mathematical 
operations by which the fundamental thermodynamic equation, 
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which in general is an equation of few variables, is derived 
from the fundamental mechanical equation, which in the case 
of the bodies of nature is one of an enormous number of 
variables. : 

We have also to enunciate in mechanical terms, and to 
prove, what we call the tendency of heat to pass from a sys- 
tem of higher temperature to one of lower, and to show that 
this tendency vanishes with respect to systems of the same 
temperature. 

At least, we have to show by a prtort reasoning that for 
such systems as the material bodies which nature presents to 
us, these relations hold with such approximation that they 
are sensibly true for human faculties of observation. This 
indeed is all that is really necessary to establish the science of 
thermodynamics on ana priori basis. Yet we will naturally 
desire to find the exact expression of those principles of which 
the laws of thermodynamics are the approximate expression. 
A very little study of the statistical properties of conservative 
systems of a finite number of degrees of freedom is sufficient 
to make it appear, more or less distinctly, that the general 
laws of thermodynamics are the limit toward which the exact 
laws of such systems approximate, when their number of 
degrees of freedom is indefinitely increased. And the problem 
of finding the exact relations, as distinguished from the ap- 
proximate, for systems of a great number of degrees of free- 
dom, is practically the same as that of finding the relations 
which hold for any number of degrees of freedom, as distin- 
guished from those which have been established on an em- 
pirical basis for systems of a great number of degrees of 
freedom. 

The enunciation and proof of these exact laws, for systems 
of any finite number of degrees of freedom, has been a princi- 
pal object of the preceding discussion. But it should be dis- 
tinctly stated that, if the results obtained when the numbers 
of degrees of freedom are enormous coincide sensibly with 
the general laws of thermodynamics, however interesting and 
significant this coincidence may be, we are still far from 
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having explained the phenomena of nature with respect to 
these laws. For, as compared with the case of nature, the 
systems which we have considered are of an ideal simplicity. 
Although our only assumption is that we are considering 
conservative systems of a finite number of degrees of freedom, 
it would seem that this is assuming far too much, so far as the 
bodies of nature are concerned. The phenomena of radiant 
heat, which certainly should not be neglected in any complete 
system of thermodynamics, and the electrical phenomena 
associated with the combination of atoms, seem to show that 
the hypothesis of systems of a finite number of degrees of 
freedom is inadequate for the explanation of the properties of 
bodies. 

Nor do the results of such assumptions in every detail 
appear to agree with experience. We should expect, for 
example, that a diatomic gas, so far as it could be treated 
independently of the phenomena of radiation, or of any sort of 
electrical manifestations, would have six degrees of freedom 
for each molecule. But the behavior of such a gas seems to 
indicate not more than five. 

But although these difficulties, long recognized by physi- 
cists,* seem to prevent, in the present state of science, any 
satisfactory explanation of the phenomena of thermodynamics 
as presented to us in nature, the ideal case of systems of a 
finite number of degrees of freedom remains as a subject 
which is certainly not devoid of a theoretical interest, and 
which may serve to point the way to the solution of the far 
more difficult problems presented to us by nature. And if 
the study of the statistical properties of such systems gives 
us an exact expression of laws which in the limiting case take 
the form of the received laws of thermodynamics, its interest 
is so much the greater. 

Now we have defined what we have called the modulus (@) 
of an ensemble of systems canonically distributed in phase, 
and what we have called the index of probability (») of any 
phase in such an ensemble. It has been shown that between 


* See Boltzmann, Sitzb. der Wiener Akad., Bd. LXTIL, S. 418, (1871). 
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the modulus (@), the external codrdinates (aj, etc.), and the 
average values in the ensemble of the energy (e), the index 
of probability (7), and the external forces (A,, etc.) exerted 
by the systems, the following differential equation will hold: 


de — (0) dy Lae A, da, ane: A, da, Famers etc. (483) 


This equation, if we neglect the sign of averages, is identical 
in form with the thermodynamic equation (482), the modulus 
(@) corresponding to temperature, and the index of probabil- 
ity of phase with its sign reversed corresponding to entropy.* 

We have also shown that the average square of the anoma- 
lies of ¢, that is, of the deviations of the individual values from 
the average, is in general of the same order of magnitude as 
the reciprocal of the number of degrees of freedom, and there- 
fore to human observation the individual values are indistin- 
guishable from the average values when the number of degrees 
of freedom is very great.f In this case also the anomalies of 7 
are practically insensible. The same is true of the anomalies of 
the external forces (A,, etc.), so far as these are the result of 
the anomalies of energy, so that when these forces are sensibly 
determined by the energy and the external cotrdinates, and 
the number of degrees of freedom is very great, the anomalies 
of these forces are insensible. 

The mathematical operations by which the finite equation 
between e¢, 7, and a,, etc., is deduced from that which gives 
the energy (€) of a system in terms of the momenta (p,....D,_) 


and codrdinates both internal (q,..-.9,) and external (a,, etc.), 
are indicated by the equation 


¥ all € 


€ = Ic ee é ® dy, oF ese dq, ap, cles ap, y (484) 
phases , 


where ~y=On+€. 


We have also shown that when systems of different ensem- 
bles are brought into conditions analogous to thermal contact, 
the average result is a passage of energy from the ensemble 


* See Chapter IV, pages 44, 45. t See Chapter VII, pages 73-75. 
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of the greater modulus to that of the less, * or in case of equal 
moduli, that we have a condition of statistical equilibrium in 
regard to the distribution of energy.t 

Propositions have also been demonstrated analogous to 
those in thermodynamics relating to a Carnot’s cycle,t or to 
the tendency of entropy to increase,§ especially when bodies 
of different temperature are brought into contact. || 

We have thus precisely defined quantities, and rigorously 
demonstrated propositions, which hold for any number of 
degrees of freedom, and which, when the number of degrees 
of freedom (m) is enormously great, would appear to human 
faculties as the quantities and propositions of empirical ther- 
modynamics. 

It is evident, however, that there may be more than one 
quantity defined for finite values of n, which approach the 
same limit, when n is increased indefinitely, and more than one 
proposition relating to finite values of n, which approach the 
same limiting form for n= o. There may be therefore, 
and there are, other quantities which may be thought to have 
some claim to be regarded as temperature and entropy with 
respect to systems of a finite number of degrees of freedom. 

The definitions and propositions which we have been con- 
sidering relate essentially to what we have called a canonical 
ensemble of systems. This may appear a less natural and 
simple conception than what we have called a microcanonical 
ensemble of systems, in which all have the same energy, and 
which in many cases represents simply the time-ensemble, or 
ensemble of phases through which a single system passes in 
the course of time. 

It may therefore seem desirable to find definitions and 
propositions relating to these microcanonical ensembles, which 
shall correspond to what in thermodynamics are based on 
experience. Now the differential equation 


de= ¢ *Vd logV— Aj), da, — A;|, da, —etc., (485) 
* See Chapter XIII, page 160. +t See Chapter IV, pages 35-37. 


¢ See Chapter XIII, pages 162, 163. § See Chapter XII, pages 143-161. 
|| See Chapter XIII, page 159. 
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which has been demonstrated in Chapter X, and which relates to 
a microcanonical ensemble, 4;], denoting the average value of 
A, in such an ensemble, corresponds precisely to the thermody- 
namic equation, except for the sign of average applied to the 
external forces. But as these forces are not entirely deter- 
mined by the energy with the external codrdinates, the use of 
average values is entirely germane to the subject, and affords 
the readiest means of getting perfectly determined quantities. 
These averages, which are taken for a microcanonical ensemble, 
may seem from some points of view a more simple and natural 
conception than those which relate to a canonical ensemble. 
Moreover, the energy, and the quantity corresponding to en- 
tropy, are free from the sign of average in this equation. 

The quantity in the equation which corresponds to entropy 
is log V, the quantity V being defined as the extension-in- 
phase within which the energy is less than a certain limiting 
value (e). This is certainly a more simple conception than the 
average value in a canonical ensemble of the index of probabil- 
ity of phase. Log V has the property that when it is constant 


de = A, € da, a Aste da, + etc., (486) 


which closely corresponds to the thermodynamic property of 
entropy, that when it is constant 


de = — A, da, — A, da, + ete. (487) 


The quantity in the equation which corresponds to tem- 
perature is e—*V, or de/d log V. Ina canonical ensemble, the 
average value of this quantity is equal to the modulus, as has 
been shown by different methods in Chapters IX and X. 

In Chapter X it has also been shown that if the systems 
of a microcanonical ensemble consist of parts with separate 
energies, the average value of e~*V for any part is equal to its 
average value for any other part, and to the uniform value 
of the same expression for the whole ensemble. This corre- 
sponds to the theorem in the theory of heat that in case of 
thermal equilibrium the temperatures of the parts of a body 
are equal to one another and to that of the whole body. 
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Since the energies of the parts of a body cannot be supposed 
to remain absolutely constant, even where this is the case 
with respect to the whole body, it is evident that if we regard 
the temperature as a function of the energy, the taking of 
average or of probable values, or some other statistical process, 
must be used with reference to the parts, in order to get a 
perfectly definite value corresponding to the notion of tem- 
perature. 

It is worthy of notice in this connection that the average 
value of the kinetic energy, either in a microcanonical en- 
semble, or in a canonical, divided by one half the number of 
degrees of freedom, is equal to e~* V, or to its average value, 
and that this is true not only of the whole system which is 
distributed either microcanonically or canonically, but also 
of any part, although the corresponding theorem relating to 
temperature hardly belongs to empirical thermodynamics, since 
neither the (inner) kinetic*energy of a body, nor its number 
of degrees of freedom is immediately cognizable to our facul- 
ties, and we meet the gravest difficulties when we endeavor 
to apply the theorem to the theory of gases, except in the 
simplest case, that of the gases known as monatomic. 

But the correspondence between e—*V or de/d log V and 
temperature is imperfect. If two isolated systems have such 
energies that 

de, dé, 
dlog V, dlog F,’ 
and the two systems are regarded as combined to form a third 
system with energy 
€i2 = €1 + €2y 


we shall not have in general 


dé, a de, 34 dé, 
dlog Viz dlog Vi diog V,’ 


as analogy with temperature would require. In fact, we have 


seen that 
de, welt de, Ei de, 
dlog Viz d log Vik,,  @ log A.’ 
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where the second and third members of the equation denote 
average values in an ensemble in which the compound system 
is microcanonically distributed in phase. Let us suppose the 
two original systems to be identical in nature. Then 


Staoaice = €1fe2 = less : 
The equation in question would require that 


dé, a dé, 
dlog V,  d@log Vile.’ 


i.e. that we get the same result, whether we take the value 
of de,/dlog V, determined for the average value of ¢, in the 
ensemble, or take the average value of de,/dlog V,. This 
will be the case where de,/dlog V, is a linear function of ¢,. 
Evidently this does not constitute the most general case. 
Therefore the equation in question cannot be true in general. 
It is true, however, in some very important particular cases, as 
when the energy is a quadratic function of the p’s and q’s, or 
of the p’s alone.* When the equation holds, the case is anal- 
ogous to that of bodies in thermodynamics for which the 
specific heat for constant volume is constant. 

Another quantity which is closely related to temperature is 
dg/de. It has been shown in Chapter IX that in a canonical 
ensemble, if n > 2, the average value of dd¢/de is 1/0, and 
that the most common value of the energy in the ensemble is 
that for which d$/de =1/@. The first of these properties 
may be compared with that of de/dlog V, which has been 
seen to have the average value @ in a canonical ensemble, 
without restriction in regard to the number of degrees of 
freedom. 

With respect to microcanonical ensembles also, dd/de has 
a property similar to what has been mentioned with respect to 
de/d log V. That is, if a system microcanonically distributed 
in phase consists of two parts with separate energies, and each 


* This last case is important on account of its relation to the theory of 


gases, although it must in strictness be regarded as a limit of possible cases, 
rather than as a case which is itself possible. 
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with more than two degrees of freedom, the average values in 
the ensemble of d¢/de for the two parts are equal to one 
another and to the value of same expression for the whole. 
In our usual notations 


i] . Z| _ dbs 
dé, 12 dé, e129 dey, 
if nm, > 2, and n, > 2. 

This analogy with temperature has the same incompleteness 
which was noticed with respect to de/d log V, viz., if two sys- 
tems have such energies (e, and ¢,) that 


dd: dd, 


dé, des” 


and they are combined to form a third system with energy 
€12 = €1 + Ex, 
we shall not have in general 
dd > ay: dd, st dd, 
det. Ge dé, 


Thus, if the energy is a quadratic function of the p’s and q’s, 
we have * 


dd, _ m—1 dg,  m,—1 
GENTS tacegee x. Dens Ped e3) 7? 
doy M2—-1 m+nm—I1 
dey, €19 Susp 


’ 
where 7, %, %2, are the numbers of degrees of freedom of the 
separate and combined systems. But 


dd: dd, _ m+ m—2 
de, deg gy + & 


If the energy is a quadratic function of the p’s alone, the case 
would be the same except that we should have 47,,$7,, 4 95 
instead of n,, %,, 5. In these particular cases, the analogy 


* See foot-note on page 93. We have here made the least value of the 
energy consistent with the values of the external coordinates zero instead 
of €g, as is evidently allowable when the external coordinates are supposed 
invariable. 
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between de/dlog V and temperature would be complete, as has 
already been remarked. We should have 


re a ati wie ld 
dlogV, 7,’ dlog Vz 7% 
dey. Ej2 de, deg 


dlog Vig m2, + @log V, dilog V,’ 

when the energy is a quadratic function of the p’s and q’s, and 
similar equations with 4n,, 47, 44,, instead of n,, m2, Ny, 
when the energy is a quadratic function of the p’s alone. 

More characteristic of df/de are its properties relating to 
most probable values of energy. Ifa system having two parts 
with separate energies and each with more than two degrees 
of freedom is microcanonically distributed in phase, the most 
probable division of energy between the parts, in a system 
taken at random from the ensemble, satisfies the equation 


do, — dds 


de, - de, ; 


(488) 


which corresponds to the thermodynamic theorem that the 
distribution of energy between the parts of a system, in case of 
thermal equilibrium, is such that the temperatures of the parts 
are equal. 

To prove the theorem, we observe that the fractional part 
of the whole number of systems which have the energy of one 
part (e,) between the limits e,’ and e,"’ is expressed by 


€;”” 


—hi2 He pits 
é é de,, 
ey 
where the variables are connected by the equation 
€ + €2 — constant => Ejo° 

The greatest value of this expression, for a constant infinitesi- 
mal value of the difference e,’ — ¢,/, determines a value of ¢,, 
which we may call its most probable value. This depends on 


the greatest possible value of $, + ¢$,. Now if mn, > 2, and 
m, > 2, we shall have ¢, = — oo for the least possible value of 
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€,, and ¢, = — for the least possible value of «,. Between 
these limits ¢, and ¢, will be finite and continuous. Hence 
$, + ¢, will have a maximum satisfying the equation (488). 

But if n, < 2, or n, < 2, dd,/de, or db, /de, may be nega- 
tive, or zero, for all values of e, or eg, and can hardly be 
regarded as having properties analogous to temperature. 

It is also worthy of notice that if a system which is micro- 
canonically distributed in phase has three parts with separate 
energies, and each with more than two degrees of freedom, the 
most probable division of energy between these parts satisfies 
the equation 

dd, dg, __ Ads 
Ge, den de,” 
That is, this equation gives the most probable set of values 
of ¢,, €,, and e,. But it does not give the most probable 
value of ¢,, or of «,, or of e,. Thus, if the energies are quad- 
ratic functions of the p’§ and q’s, the most probable division 
of energy is given by the equation 
m—1 m—1 »,—1 
Coir att hye ineran 


But the most probable value of « is given by 
n—1 __ % +n;—1 


’ 
€1 €2 + €3 


while the preceding equations give 
m—-1 m+n —2 
€ a €2 + €& ; 

These distinctions vanish for very great values of n,, n,, Ns. 
For small values of these numbers, they are important. Such 
facts seem to indicate that the consideration of the most 
probable division of energy among the parts of a system does 
not afford a convenient foundation for the study of thermody- 
namic analogies in the case of systems of a small number of 
degrees of freedom. The fact that a certain division of energy 
is the most probable has really no especial physical importance, 
except when the ensemble of possible divisions are grouped so 
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closely together that the most probable division may fairly 
represent the whole. This is in general the case, to a very 
close approximation, when m is enormously great; it entirely 
fails when » is small. _ 

If we regard df/de as corresponding to the reciprocal of 
temperature, or, in other words, de/d} as corresponding to 
temperature, ¢ will correspond to entropy. It has been defined 
as log (dV/de). In the considerations on which its definition 
is founded, it is therefore very similar to log V. We have 
seen that d¢é/dlog V approaches the value unity when n is 
very great.* 

To form a differential equation on the model of the thermo- 
dynamic equation (482), in which de/dd shall take the place 
of temperature, and ¢ of entropy, we may write 


de de de 
de = (45), 2 + (se), aa + (se), a + etc., (489) 


_ 
or dp = te da 


ee ‘- dag Pete (490) 
With respect to the differential coefficients in the last equa- 
tion, which corresponds exactly to (482) solved with respect 
to dn, we have seen that their average values in a canonical 
ensemble are equal to 1/@, and the averages of 4,/0, 4,/®, 
etc.| We have also seen that de/dd (or dd/de) has relations 
to the most probable values of energy in parts of a microca- 
nonical ensemble. That (de/da,)ga, etc., have properties 
somewhat analogous, may be shown as follows. 

In a physical experiment, we measure a force by balancing it 
against another. If we should ask what force applied to in- 
crease or diminish a, would balance the action of the systems, 
it would be one which varies with the different systems. But 
we may ask what single force will make a given value of a, 
the most probable, and we shall find that under certain condi- 
tions (de/da,)g,4 represents that force. 


* See Chapter X, pages 120, 121. 
t See Chapter IX, equations (321), (827). 
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To make the problem definite, let us consider a system con- 
sisting of the original system together with another having 
the codrdinates a,, a,, etc., and forces A,’, A,’, etc., tending 
to increase those codrdinates. These are in addition to the 
forces A,, A,, etc., exerted by the original system, and are de- 
rived from a force-function (—«,’) by the equations 

de! 


! 
de,! re de, 
da,’ 


A,! — A,! = wae etc. 
2 


For the energy of the whole system we may write 
E=e+e/+4m a? + 4m, ag? + etc., 

and for the extension-in-phase of the whole system within any 

limits 


HF A _ fap, ee dq, da, m, da, da, m, da, tic 


or fo fe dear m dix day me dig 
or again fo fet ttiday my di, dag my diy 


since de = dE, when aj, a), a2, ao, ete., are constant. If the 
limits are expressed by E and E + dE, a, and a, + da,, a, and 
a, + da,, etc., the integral reduces to 


e? dE da, m, da, da,m, daz... 


The values of a,, @, a), 4, etc., which make this expression 
a maximum for constant values of the energy of the whole 
system and of the differentials dE, da,, da, etc., are what may 
be called the most probable values of a, , a, , ete., In an ensem- 
ble in which the whole system is distributed microcanonically. 
To determine these values we have 


de® = 0, 
when d(e +e) + 4m ay? + 42M, a2 + etc.) = 0. 
That is, dd = 0, 


12 
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when 

de de a ies 

eee aie da, — A,'d etc. + m,a,da, + etc. = 0. 
a echo als ae da + 1 da, 
This requires dy =0, a =0, ete, 

de de 

a _— = A;! — =A, ete. 
and wa). p Ge). 2) 


This shows that for any given values of KE, a,, a, ete. 
ia) ; (%) , etc., represent the forces (in the gen- 
da, ]$,a daz /$,a 

eralized sense) which the external bodies would have to exert 

to make these values of a,, a, etc., the most probable under 

the conditions specified. When the differences of the external 
forces which are exerted by the different systems are negli- 
gible, —(de/da,)4,a, etc., represent these forces. 

It is certainly in the quantities relating to a canonical 
ensemble, ¢, @, 7, A,, etc., a,, etc., that we find the most 
complete correspondence with the quantities of the thermody- 
namic equation (482). Yet the conception itself of the canon- 
ical ensemble may seem to some artificial, and hardly germane 
to a natural exposition of the subject; and the quantities 
é, Te? log V, A,\., etc., a,, etc., ore, ae d, Cae 
etc., a), etc., which are closely related to ensembles of constant 
energy, and to average and most probable values in such 
ensembles, and most of which are defined without reference 
to any ensemble, may appear the most natural analogues of 
the thermodynamic quantities. 

In regard to the naturalness of seeking analogies with the 
thermodynamic behavior of bodies in canonical or microca- 
nonical ensembles of systems, much will depend upon how we 
approach the subject, especially upon the question whether we 
regard energy or temperature as an independent variable. 

It is very natural to take energy for an independent variable 
rather than temperature, because ordinary mechanics furnishes 
us with a perfectly defined conception of energy, whereas the 
idea of something relating to a mechanical system and corre- 
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sponding to temperature is a notion but vaguely defined. Now 
if the state of a system is given by its energy and the external 
coordinates, it is incompletely defined, although its partial defi- 
nition is perfectly clear as far as it goes. The ensemble of 
phases microcanonically distributed, with the given values of 
the energy and the external codrdinates, will represent the im- 
perfectly defined system better than any other ensemble or 
single phase. When we approach the subject from this side, 
our theorems will naturally relate to average values, or most 
probable values, in such ensembles. 

In this case, the choice between the variables of (485) or of 
(489) will be determined partly by the relative importance 
which is attached to average and probable values. It would 
seem that in general average values are the most important, and 
that they lend themselves better to analytical transformations. 
This consideration would give the preference to the system of 
variables in which log Vis the analogue of entropy. Moreover, 
if we make ¢ the analogue of entropy, we are embarrassed by 
the necessity of. making numerous exceptions for systems of 
one or two degrees of freedom. 

On the other hand, the definition of ¢ may be regarded as a 
little more simple than that of log V, and if our choice is deter- 
mined by the simplicity of the definitions of the analogues of 
entropy and temperature, it would seem that the ¢ system 
should have the preference. In our definition of these quanti- 
ties, V was defined first, and e* derived from V by differen- 
tiation. This gives the relation of the quantities in the most 
simple analytical form. Yet so far as the notions are con- 
cerned, it is perhaps more natural to regard V as derived from 
e* by integration. At all events, e* may be defined inde- 
pendently of V, and its definition may be regarded as more 
simple as not requiring the determination of the zero from 
which V is measured, which sometimes involves questions 
of a delicate nature. In fact, the quantity e¢* may exist, 
when the definition of V becomes illusory for practical pur- 
poses, as the integral by which it is determined becomes infinite. 

The case is entirely different, when we regard the tempera- 
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ture as an independent variable, and we have to consider a 
system which is described as having a certain temperature and 
certain values for the external coédrdinates. Here also the 
state of the system is not completely defined, and will be 
better represented by an ensemble of phases than by any single 
phase. What is the nature of such an ensemble as will best 
represent the imperfectly defined state ? 

When we wish to give a body a certain temperature, we 
place it in a bath of the proper temperature, and when we 
regard what we call thermal equilibrium as established, we say 
that the body has the same temperature as the bath. Per- 
haps we place a second body of standard character, which we 
call a thermometer, in the bath, and say that the. first body, 
the bath, and the thermometer, have all the same temperature. 

But the body under such circumstances, as well as the 
bath, and the thermometer, even if they were entirely isolated 
from external influences (which it is convenient to suppose 
in a theoretical discussion), would be continually changing in 
phase, and in energy as well as in other respects, although 
our means of observation are not fine enough to perceive 
these variations. 

The series of phases through which the whole system runs 
in the course of time may not be entirely determined by the 
energy, but may depend on the initial phase in other respects. 
In such cases the ensemble obtained by the microcanonical 
distribution of the whole system, which includes all possible 
time-ensembles combined in the proportion which seems least 
arbitrary, will represent better than any one time-ensemble 
the effect of the bath. Indeed a single time-ensemble, when 
it is not also a microcanonical ensemble, is too ill-defined a 
notion to serve the purposes of a general discussion. We 
will therefore direct our attention, when we suppose the body 
placed in a bath, to the microcanonical ensemble of phases 
thus obtained. 

If we now suppose the quantity of the substance forming 
the bath to be increased, the anomalies of the separate ener- 
gies of the body and of the thermometer in the microcanonical 
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ensemble will be increased, but not without limit. The anom- 
alies of the energy of the bath, considered in comparison with 
its whole energy, diminish indefinitely as the quantity of the 
bath is increased, and become in a sense negligible, when 
the quantity of the bath is sufficiently increased. The 
ensemble of phases of the body, and of the thermometer, 
approach a standard form as the quantity of the bath is in- 
definitely increased. This limiting form is easily shown to be 
what we have described as the canonical distribution. 

Let us write « for the energy of the whole system consisting 
of the body first mentioned, the bath, and the thermometer 
(if any), and let us first suppose this system to be distributed 
canonically with the modulus @. We have by (205) 


hank aa a de 

Ce) aa 
and since - = 5 ; 
de _n de 
d® 2de 


If we write Ac for the anomaly of mean square, we have 
(Ac)? = (e — 6). 
do 
If we set AO= moe 


A® will represent approximately the increase of @ which 
would produce an increase in the average value of the energy 
equal to its anomaly of mean square. Now these equations 
give 


which shows that we may diminish A @ indefinitely by increas- 
ing the quantity of the bath. 

Now our canonical ensemble consists of an infinity of micro- 
canonical ensembles, which differ only in consequence of the 
different values of the energy which is constant in each. If 
we consider separately the phases of the first body which 
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occur in the canonical ensemble of the whole system, these 
phases will form a canonical ensemble of the same modulus. 
This canonical ensemble of phases of the first body will con- 
sist of parts which belong to the different microcanonical 
ensembles into which the canonical ensemble of the whole 
system is divided. 

Let us now imagine that the modulus of the principal ca- 
nonical ensemble is increased by 2A, and its average energy 
by 2Ae. The modulus of the canonical ensemble of the 
phases of the first body considered separately will be increased 
by 2A@. We may regard the infinity of microcanonical en- 
sembles into which we have divided the principal canonical 
ensemble as each having its energy increased by 2Ac. Let 
us see how the ensembles of phases of the first body con- 
tained in these microcanonical ensembles are affected. We 
may assume that they will all be affected in about the same 
way, as all the differences which come into account may be 
treated as small. Therefore, the canonical ensemble formed by 
taking them together will also be affected in the same way. 
But we know how this is affected. It is by the increase of 
its modulus by 2A@, a quantity which vanishes when the 
quantity of the bath is indefinitely increased. 

In the case of an infinite bath, therefore, the increase of the 
energy of one of the microcanonical ensembles by 2A¢, pro- 
duces a vanishing effect on the distribution in energy of the 
phases of the first body which it contains. But 2Ae is more 
than the average difference of energy between the micro- 
canonical ensembles. The distribution in energy of these 
phases is therefore the same in the different microcanonical 
ensembles, and must therefore be canonical, like that of the 
ensemble which they form when taken together.* 

* In order to appreciate the above reasoning, it should be understood that 
the differences of energy which occur in the canonical ensemble of phases of 
the first body are not here regarded as vanishing quantities. To fix one’s 
ideas, one may imagine that he has the fineness of perception to make these 
differences seem large. The difference between the part of these phases 


which belong to one microcanonical ensemble of the whole system and the 


part which belongs to another would still be imperceptible, when the quan- 
tity of the bath is sufficiently increased. 
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As a general theorem, the conclusion may be expressed in 
the words: —Ifi a system of a great number of degrees of 
freedom is microcanonically distributed in phase, any very 
small part of it may be regarded as canonically distributed.* 

It would seem, therefore, that a canonical ensemble of 
phases is what best represents, with the precision necessary 
for exact mathematical reasoning, the notion of a body with 
a given temperature, if we conceive of the temperature as the 
state produced by such processes as we actually use in physics 
to produce a given temperature. Since the anomalies of the 
body increase with the quantity of the bath, we can-only get 
rid of all that is arbitrary in the ensemble of phases which is 
to represent the notion of a body of a given temperature by 
making the bath infinite, which brings us to the canonical 
distribution. 

A comparison of temperature and entropy with their ana- 
logues in statistical mechanics would be incomplete without a 
consideration of their differences with respect to units and 
zeros, and the numbers used for their numerical specification. 
If we apply the notions of statistical mechanics to such bodies 
as we usually consider in thermodynamics, for which the 
kinetic energy is of the same order of magnitude as the unit 
of energy, but the number of degrees of freedom is enormous, 
the values of ©, de/dlogV, and de/dd will be of the same 
order of magnitude as 1/n, and the variable part of 7, log V, 
and ¢ will be of the same order of magnitude as n.f If these 
quantities, therefore, represent in any sense the notions of tem- 
perature and entropy, they will nevertheless not be measured 
in units of the usual order of magnitude, — a fact which must 
be borne in mind in determining what magnitudes may be 
regarded as insensible to human observation. 

Now nothing prevents our supposing energy and time in 
our statistical formulae to be measured in such units as may 


* It is assumed—and without this assumption the theorem would have 
no distinct meaning—that the part of the ensemble considered may be 
regarded as having separate energy. 

¢ See equations (124), (288), (289), and (314) ; also page 106. 
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be convenient for physical purposes. But when these units 
have been chosen, the numerical values of @, de/dlogV, 
de/dd, n, log V, $, are entirely determined,* and in order to 
compare them with temperature and entropy, the numerical 
values of which depend upon an arbitrary unit, we must mul- 
tiply all values of ©, de/dlogV, de/d® by a constant (K), 
and divide all values of 7, log V, and ¢ by the same constant. 
This constant is the same for all bodies, and depends only on 
the units of temperature and energy which we employ. For 
ordinary units it is of the same order of magnitude as the 
numbers of atoms in ordinary bodies. 

We are not able to determine the numerical value of K, 
as it depends on the number of molecules in the bodies with 
which we experiment. To fix our ideas, however, we may 
seek an expression for this value, based upon very probable 
assumptions, which will show how we would naturally pro- 
ceed to its evaluation, if our powers of observation were fine 
enough to take cognizance of individual molecules. 

If the unit of mass of a monatomic gas contains y atoms, 
and it may be treated as a system of 3» degrees of free- 
dom, which seems to be the case, we have for canonical 
distribution 


é = $79, 
de, 
ae =e (491) 


If we write 7’ for temperature, and c¢, for the specific heat of 
the gas for constant volume (or rather the limit toward 
which this specific heat tends, as rarefaction is indefinitely 
increased), we have 


(492) 


since we may regard the energy as entirely kinetic. We may 
set the ¢, of this equation equal to the €, of the preceding, 


: * The unit of time only affects the last three quantities, and these only 
y an additive constant, which disappears (with the additive constant of 


entropy), when differences of entropy are compared with their statistical 
analogues. See page 19. 


THERMODYNAMIC ANALOGIES. 185 


where indeed the individual values of which the average is 
taken would appear to human observation as identical. This 
gives 


a® _ 20, 
TeSys 
ieee 
whence E=35° (493) 


a value recognized by physicists as a constant independent of 
the kind of monatomic gas considered. 

We may also express the value of K in a somewhat different 
form, which corresponds to the indirect method by which 
physicists are accustomed to determine the quantity c,. The 
kinetic energy due to the motions of the centers of mass of 
the molecules of a mass of gas sufficiently expanded is easily 
shown to be equal to 

OPUS 0; 
where p and v denote the pressure and volume. The average 
value of the same energy in a canonical ensemble of such 
a mass of gas is 
3 Oy, 
where v denotes the number of molecules in the gas. Equat- 
ing these values, we have 


pv =), (494) 
Le One De 
whence ROT or (495) 


Now the laws of Boyle, Charles, and Avogadro may be ex- 
pressed by the equation 
pv=ArT, (496) 
where A is a constant depending only on the units in which 
energy and temperature are measured. 1/X, therefore, might 
be called the constant of the law of Boyle, Charles, and 
Avogadro as expressed with reference to the true number of 
molecules in a gaseous body. 
Since such numbers are unknown to us, it is more conven- 
ient to express the law with reference to relative values. If 
we denote by M the so-called molecular weight of a gas, that 
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is, a number taken from a table of numbers proportional to 
the weights of various molecules and atoms, but having one 
of the values, perhaps the atomic weight of hydrogen, arbi- 
trarily made unity, the law of Boyle, Charles, and Avogadro 
may be written in the more practical form 

pyv=AT aE (497) 
where A’ is a constant and m the weight of gas considered. 
It is evident that 1 is equal to the product of the constant 
of the law in this form and the (true) weight of an atom of 
hydrogen, or such other atom or molecule as may be given 
the value unity in the table of molecular weights. 

In the following chapter we shall consider the necessary 
modifications in the theory of equilibrium, when the quantity 
of matter contained in a system is to be regarded as variable, 
or, if the system contains more than one kind of matter, 
when the quantities of the several kinds of matter in the 
system are to be regarded as independently variable. This 
will give us yet another set of variables in the statistical 
equation, corresponding to those of the amplified form of 
the thermodynamic equation. 


CHAPTER XV. 
SYSTEMS COMPOSED OF MOLECULES. 


THE nature of material bodies is such that especial interest 
attaches to the dynamics of systems composed of a great 
number of entirely similar particles, or, it may be, of a great 
number of particles of several kinds, all of each kind being 
entirely similar to each other. We shall therefore proceed to 
consider systems composed of such particles, whether in great 
numbers or otherwise, and especially to consider the statistical 
equilibrium of ensembles of such systems. One of the varia- 
tions to be considered in regard to such systems is a variation 
in the numbers of the “particles of the various kinds which it 
contains, and the question of statistical equilibrium between 
two ensembles of such systems relates in part to the tendencies 
of the various kinds of particles to pass from the one to the 
other. 

First of all, we must define precisely what is meant by 
' statistical equilibrium of such an ensemble of systems. The 
essence of statistical equilibrium is the permanence of the 
number of systems which fall within any given limits with 
respect to phase. We have therefore to define how the term 
“ phase ” is to be understood in such cases. If two phases differ 
only in that certain entirely similar particles have changed 
places with one another, are they to be regarded as identical 
or different phases? If the particles are regarded as indis- 
tinguishable, it seems in accordance with the spirit of the 
statistical method to regard the phases as identical. In fact, 
it might be urged that in such an ensemble of systems as we 
are considering no identity is possible between the particles 
of different systems except that of qualities, and if v particles 
of one system are described as entirely similar to one another 
and to v of another system, nothing remains on which to base 
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the indentification of any particular particle of the first system 
with any particular particle of the second. And this would 
be true, if the ensemble of systems had a simultaneous 
objective existence. But it hardly applies to the creations 
of the imagination. In the cases which we have been con- 
sidering, and in those which we shall consider, it is not only 
possible to conceive of the motion of an ensemble of similar 
systems simply as possible cases of the motion of a single 
system, but it is actually in large measure for the sake of 
representing more clearly the possible cases of the motion of 
a single system that we use the conception of an ensemble 
of systems. The perfect similarity of several particles of a 
system will not in the least interfere with the identification 
of a particular particle in one case with a particular particle 
in another. The question is one to be decided in accordance 
with the requirements of practical convenience in the discus- 
sion of the problems with which we are engaged. 

Our present purpose will often require us to use the terms 
phase, density-in-phase, statistical equilibrium, and other con- 
nected terms on the supposition that phases are not altered 
by the exchange of places between similar particles. Some 
of the most important questions with which we are concerned 
have reference to phases thus defined. We shall call them 
phases determined by generic definitions, or briefly, generic 
phases. But we shall also be obliged to discuss phases de- 
fined by the narrower definition (so that exchange of position 
between similar particles is regarded as changing the phase), 
which will be called phases determined by specific definitions, 
or briefly, specific phases. For the analytical description of 
a specific phase is more simple than that of a generic phase. 
And it is a more simple matter to make a multiple integral 
extend over all possible specific phases than to make one extend 
without repetition over all possible generic phases. 

It is evident that if 14, v....v,, are the numbers of the dif- 
ferent kinds of molecules in any system, the number of specific 
phases embraced in one generic phase is represented by the 
continued product |», |v... . . |»,, and the coefficient of probabil- 
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ity of a generic phase is the sum of the probability-coefficients 
of the specific phases which it represents. When these are 
equal among themselves, the probability-coefficient of the gen- 
eric phase is equal to that of the specific phase multiplied by 
[¥:|¥2---+|v- It is also evident that statistical equilibrium 
may subsist with respect to generic phases without statistical 
equilibrium with respect to specific phases, but not vice versa. 

Similar questions arise where one particle is capable of 
several equivalent positions. Does the change from one of 
these positions to another change the phase? It would be 
most natural and logical to make it affect the specific phase, 
but not the generic. The number of specific phases contained 
in a generic phase would then be |p, «,"!. .. |v, «,”*, where 
k,, +++, denote the numbers of equivalent positions belong- 
ing to the several kinds of particles. The case in which a « is 
infinite would then require especial attention. It does not 
appear that the resulting complications in the formulae would 
be compensated by any real advantage. The reason of this is 
that in problems of real interest equivalent positions of a 
particle will always be equally probable. In this respect, 
equivalent positions of the same particle are entirely unlike 
the |v different ways in which v particles may be distributed 
in v different positions. Let it therefore be understood that 
in spite of the physical equivalence of different positions of 
the same particle they are to be considered as constituting a 
difference of generic phase as well as of specific. The number 
of specific phases contained in a generic phase is therefore 
always given by the product |y,|», . . . |v. 

Instead of considering, as in the preceding chapters, en- 
sembles of systems differing only in phase, we shall now 
suppose that the systems constituting an ensemble are com- 
posed of particles of various kinds, and that they differ not 
only in phase but also in the numbers of these particles which 
they contain. The external codrdinates of all the systems in 
the ensemble are supposed, as heretofore, to have the same 
value, and when they vary, to vary together. For distinction, 
we may call such an ensemble a grand ensemble, and one in 
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which the systems differ only in phase a petit ensemble. A 
grand ensemble is therefore composed of a multitude of petit 
ensembles. The ensembles which we have hitherto discussed 
are petit ensembles. ' 

Let »,,.-+.+Y, etc., denote the numbers of the different 
kinds of particles in a system, ¢€ its energy, and g,,...- , 
D1) +++ Pp its codrdinates and momenta. If the particles are of 
the nature of material points, the number of codrdinates () 
of the system will be equal to 3v,...+3»,. Butif the parti- 
cles are less simple in their nature, if they are to be treated 
as rigid solids, the orientation of which must be regarded, or 
if they consist each of several atoms, so as to have more than 
three degrees of freedom, the number of codrdinates of the 
system will be equal to the sum of »,,v,, etc., multiplied 
each by the number of degrees of freedom of the kind of 
particle to which it relates. 

Let us consider an ensemble in which the number of 
systems having v,,...v, particles of the several kinds, and 
having values of their cotrdinates and momenta lying between 
the limits g, and g, + dq,, p, and p, + dp,, ete., is represented 
by the expression 

O+ Myy,.. - +Myy,—e 
Ne e 
een dp,..-Aq,, (498) 


where N, 0, ©, u,,... mw, are constants, V denoting the total 
number of systems in the ensemble. The expression 


O+py,...+u,v,—-€ 
Ne 2 (499) 
evidently represents the density-in-phase of the ensemble 


within the limits described, that is, for a phase specifically 
defined. The expression 


OF eee +upv,—e 
8 
e (500) 
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is therefore the probability-coefficient for a phase specifically 
defined. This has evidently the same value for all the 
|v, ..+|¥, phases obtained by interchanging the phases of 
particles of the same kind. The probability-coefficient for a 
generic phase will be |», .. . |v, times as great, viz., 


D+... +M,¥,—€ 
e [ (501) 
We shall say that such an ensemble as has been described 
is canonically distributed, and shall call the constant © its 
modulus. It is evidently what we have called a grand ensem- 
ble. The petit ensembles of which it is composed are 
canonically distributed, according to the definitions of Chapter 
IV, since the expression 
OFM... +My, 


kaha? (502) 


is constant for each petit ensemble. The grand ensemble, 
therefore, is in statistical equilibrium with respect to specific 
phases. 

If an ensemble, whether grand or petit, is identical so far 
as generic phases are concerned with one canonically distrib- 
uted, we shall say that its distribution is canonical with 
respect to generic phases. Such an ensemble is evidently in 
statistical equilibrium with respect to generic phases, although 
it may not be so with respect to specific phases. 

If we write H for the index of probability of a generic phase 
in a grand ensemble, we have for the case of canonical 
distribution 


Le TU ie ee 


H © (503) 
It will be observed that the H is a linear function of ¢ and 
Vy,+++%3 also that whenever the index of probability of 


generic phases in a grand ensemble is a linear function of 
€ Vy,++.+ My the ensemble is canonically distributed with 
respect to generic phases. 
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The constant © we may regard as determined by the 


equation 
244171 +e + RVR —E 


all e 
Ne 
dp,...aq, 504 
Tere iee| sap [vr ++ + [Me Pi In ( ) 


phases 
or 
pe By1 i PRYy all a 
¢ 0 = 3). yr Foe fhe Pdp,..+dqny (505) 
Pass Pa 


where the multiple sum indicated by 2), ... 2, includes all 
terms obtained by giving to each of the symbols 1 .*.. v, all 
integral values from zero upward, and the multiple integral 
(which is to be evaluated separately for each term of the 
multiple sum) is to be extended over all the (specific) phases 
of the system having the specified numbers of particles of the 
various kinds. The multiple integral in the last equation is 
¥ 
what we have represented by ¢ ©. See equation (92). We 
may therefore write 
p By). MyY,— 
LS e 


é 
é Bega Seales ON Hey Fae 


It should be observed that the summation includes a term 
in which all the symbols »,...v, have the value zero. We 
must therefore recognize in a certain sense a system consisting 
of no particles, which, although a barren subject of study in 
itself, cannot well be excluded as a particular case of a system 
of a variable number of particles. In this case e is constant, 


and there are no integrations to be performed. We have 
therefore* 


(506) 


* This conclusion may appear a little strained. The original definition 
of y may not be regarded as fairly applying to systems of no degrees of 


freedom. We may therefore prefer to regard these equations as defining 
W in this case. 
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The value of ¢, is of course zero in this case. But the 
value of ¢, contains an arbitrary constant, which is generally 
determined by considerations of convenience, so that ¢, and ¢ 
do not necessarily vanish with v,,... v4 

Unless — © has a finite value, our formulae become illusory. 
We have already, in considering petit ensembles canonically 
distributed, found it necessary to exclude cases in which — 
has not a finite value.* The same exclusion would here 
make — wy finite for any finite values of »,...1,. This does 
not necessarily make a multiple series of the form (506) finite. 
We may observe, however, that if for all values of v,... vp 


—v<s CO + GQ Vy; cee + Cr Vay (507) 
where ¢p, ¢,,.- . ¢ are constants or functions of @, 
a Cot(my+e3)%1...+ (uy+e,) 7, 
é ss 
= Vy av, |v on lvn 
a Co ae yy baton vy 
-- = e e 
; 6. 6_e € 
t. Es C-) vas © wey, fa 2, ha 
a Co Bates Bytr, 
~e e c) e 
i. €., e cise ce ef 
Myrt+¢y MatCy 
. Q C e 
i165 are tre CN eaaicbr € : (508) 


The value of — 0 will therefore be finite, when the condition 
(507) is satisfied. If therefore we assume that — 1 is finite, 
we do not appear to exclude any cases which are analogous to 
those of nature.t 

The interest of the ensemble which has been described lies 
in the fact that it may be in statistical equilbrium, both in 


* See Chapter IV, page 35. 

+ If the external codrdinates determine a certain volume within which the 
system is confined, the contrary of (507) would imply that we could obtain 
an infinite amount of work by crowding an infinite quantity of matter into a 


finite volume. 
13 
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respect to exchange of energy and exchange of particles, with 
other grand ensembles canonically distributed and having the 
same values of ® and of the coefficients p,, @,, etc., when the 
circumstances are such. that exchange of energy and of 
particles are possible, and when equilibrium would not sub- 
sist, were it not for equal values of these constants in the two 
ensembles. 

With respect to the exchange of energy, the case is exactly 
the same as that of the petit ensembles considered in Chapter 
IV, and needs no especial discussion. The question of ex- 
change of particles is to a certain extent analogous, and may 
be treated in a somewhat similar manner. Let us suppose 
that we have two grand ensembles canonically distributed 
with respect to specific phases, with the same value of the 
modulus and of the coefficients w,... ,, and let us consider 
the ensemble of all the systems obtained by combining each 
system of the first ensemble with each of the second. 

The probability-coefficient of a generic phase in the first 
ensemble may be expressed by 


D+ yy’... Fg’ 
e 8 (509) 


The probability-coefficient of a specific phase will then be 
expressed by 


D+ pyyy’... tay,’ —e 


5 c) 
= (510 
Caerre i 
since each generic phase comprises |v, . . . |v, specific phases. 


In the second ensemble the probability-coefficients of the 
generic and specific phases will be 


O74 yyy”... ayy,’ —e” 
e 2 , (511) 


OF yyy”... ty,” —e” 
pee Aa Rais 


and : 


Me ‘ (512) 
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The probability-coefficient of a generic phase in the third 
ensemble, which consists of systems obtained by regarding 
each system of the first ensemble combined with each of the 
second as forming a system, will be the product of the proba- 
bility-coefficients of the generic phases of the systems com- 
bined, and will therefore be represented by the formula 


Opn” tye” 

e - (513) 
where O” =O + 0"", =e +, vw!" =v! +», ete. It 
will be observed that »v,'’, etc., represent the numbers of 
particles of the various kinds in the third ensemble, and e’’! 
its energy; also that ©!” is a constant. The third ensemble 
is therefore canonically distributed with respect to generic 
phases. 

If all the systems in the same generic phase in the third 
ensemble were equably distributed among the |1!”". . . [v,!” spe- 
cific phases which are comprised in the generic phase, the prob- 
ability-coefficient of a specific phase would be 


O74 yy” we tay’ —e” 
e 
e 
vl. a luglll F . (514) 
In fact, however, the probability-coefficient of any specific 
phase which occurs in the third ensemble is 
O47 as +p —e” 
8 


é 
gre rat (515) 


which we get by multiplying the probability-coefficients of 
specific phases in the first and second ensembles. The differ- 
ence between the formulae (514) and (515) is due to the fact 
that the generic phases to which (5138) relates include not 
only the specific phases occurring in the third ensemble and 
having the probability-coefficient (515), but also all the 
specific phases obtained from these by interchange of similar 
particles between two combined systems. Of these the proba- 
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bility-coefficient is evidently zero, as they do not occur in the 
ensemble. 

Now this third ensemble is in statistical equilibrium, with 
respect both to specific and generic phases, since the ensembles 
from which it is formed are so. This statistical equilibrium 
is not dependent on the equality of the modulus and the co-effi- 
cients 4, ... #, in the first and second ensembles. It depends 
only on the fact that the two original ensembles were separ- 
ately in statistical equilibrium, and that there is no interaction 
between them, the combining of the two ensembles to form a 
third being purely nominal, and involving no physical connec- 
tion. This independence of the systems, determined physically 
by forces which prevent particles from passing from one sys- 
tem to the other, or coming within range of each other’s action, 
is represented mathematically by infinite values of the energy 
for particles in a space dividing the systems. Such a space 
may be called a diaphragm. 

If we now suppose that, when we combine the systems of 
the two original ensembles, the forces are so modified that the 
energy is nc longer infinite for particles in all the space form- 
ing the diaphragm, but is diminished in a part of this space, 
so that it is possible for particles to pass from one system 
to the other, this will involve a change in the function é!’ 
which represents the energy of the combined systems, and the 
equation e’’ = ¢! + e’ will no longer hold. Now if the co- 
efficient of probability in the third ensemble were represented 
by (5138) with this new function e’”, we should have statistical 
equilibrium, with respect to generic phases, although not to 
specific. But this need involve only a trifling change in the 
distribution of the third ensemble,* a change represented by 
the addition of comparatively few systems in which the trans- 
ference of particles is taking place to the immense number 


* Tt will be observed that, so far as the distribution is concerned, very 
large and infinite values of e (for certain phases) amount to nearly the same 
thing, — one representing the total and the other the nearly total exclusion 
of the phases in question. An infinite change, therefore, in the value of ¢ 
(for certain phases) may represent a vanishing change in the distribution. 
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obtained by combining the two original ensembles. The 
difference between the ensemble which would be in statistical 
equilibrium, and that obtained by combining the two original 
ensembles may be diminished without limit, while it is still 
possible for particles to pass from one system to another. In 
this sense we may say that the ensemble formed by combining 
the two given ensembles may still be regarded as in a state of 
(approximate) statistical equilibrium with respect to generic 
phases, when it has been made possible for particles to pass 
between the systems combined, and when statistical equilibrium 
for specific phases has therefore entirely ceased to exist, and 
when the equilibrium for generic phases would also have 
entirely ceased to exist, if the given ensembles had not been 
canonically distributed, with respect to gencric phases, with 
the same values of © and p,,.. . My 

It is evident also that considerations of this kind will apply 
separately to the several kinds of particles. We may diminish 
the energy in the space forming the diaphragm for one kind of 
particle and not for another. This is the mathematical ex- 
pression for a “semipermeable” diaphragm. The condition 
necessary for statistical equilibrium where the diaphragm is 
permeable only to particles to which the suffix ( ), relates 
will be fulfilled when », and © have the same values in the 
two ensembles, although the other coefficients 4, etc., may be 
different. 

This important property of grand ensembles with canonical 
distribution will supply the motive for a more particular ex- 
amination of the nature of such ensembles, and especially of 
the comparative numbers of systems in the several petit en- 
sembles which make up a grand ensemble, and of the average 
values in the grand ensemble of some of the most important 
quantities, and of the average squares of the deviations from 
these average values. 

The probability that a system taken at random from a 
grand ensemble canonically distributed will have exactly 
V1,-+.+V, particles of the various kinds is expressed by the 
multiple integral 
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N+ My ++» +HRYn—€ 


all , @ 
Oe ee OO (516) 
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8 
or Che Ron et ae (517) 


PZ: 
This may be called the probability of the petit ensemble 
(n1,.++%). The sum of ali such probabilities is evidently 
unity. That is, 

O+pyr1... +H a—¥ 


5... (518) 


which agrees with (506). 
The average value in the grand ensemble of any quantity 
u, is given by the formula 
OQ+ My... +MY, € 


ae 8 
= Ue 
| oe 8 ly eee SS ae eee eo eve n* 51 
ey, a, f if laaeoslig dp, ...dq,. (519) 
phases 


If wis a function of v,,...v, alone, zt. e., if it has the same 
value in all systems of any same petit ensemble, the formula 
reduces to 
O46 --- tern 
0) = aene WET en eee (520) 
Again, if we write U|prana 20d U4] pete to distinguish averages in 
the grand and petit ensembles, we shall have 


OMY... +e, 


e 8 


In this chapter, in which we are treating of grand en- 


sembles, u will always denote the average for a grand en- 


semble. In the preceding chapters, u has always denoted 
the average for a petit ensemble. 


TAF I Sa ae (521) 
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Equation (505), which we repeat in a slightly different 
form, viz., 


My} --- +,¥,—€ 


o 
a 8 
é 
AN JES etre td PER Tp Pt (522) 
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shows that © is a function of © and wy, ...,; also of the 
external codrdinates a@,, a, etc., which are involved implicitly 
ine. If we differentiate the equation regarding all these 
quantities as variable, we have 


oe 
e °(-S +5 a7) = 


Hy +» TB yya—e 
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ay 
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phases 4 [a [vs 

ea eho: (523) 
2 


If we multiply this equation by e®, and set as usual A,, A,, 
etc., for — de/da,, — de/da,, etc., we get in virtue of the law 
expressed by equation (519), 


d® = Z 
——@ + tO =— Gilnn---tmm—6) 


7 oie 
+ Hs + HG, 4 ete, 


d 
a = Che oyu oe A, + ete. ; (524) 
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that is, 


aq =O ME dQ — 37, dy — 3 Ay day 


Since equation (503) gives 


Staal a ae 


the preceding equation may be written 
Again, equation (526) gives 


dQ + 3u,dr, + 3%, du, — de = OdH + Hd. 


Eliminating dO from these equations, we get 

de = —@dH + Sp, dy, — 3 A, day. 
If we set v=e+OH, 

dv =de+ @©dH + Ha@, 
we have dv = Hd0+ Sp, dy, — SA, da. 
The corresponding thermodynamic equations are 
de = Tdyn+ Xpidm, — 3A, day, 
y=e—Tn 
dy = — dT + Sp, dm, — 3A, da. 


(525) 


(526) 


(527) 


(528) 


(529) 
(530) 
(531) 
(532) 


(533) 
(534) 
(535) 


These are derived from the thermodynamic equations (114) 
and (117) by the addition of the terms necessary to take ac- 
count of variation in the quantities (m,, m,, etc.) of the 
several substances of which a body is composed. The cor- 
respondence of the equations is most perfect when the com- 
ponent substances are measured in such units that m,, my 
etc., are proportional to the numbers of the different kinds 
of molecules or atoms. The quantities “,, M,, etc., in these 
thermodynamic equations may be defined as differential coeffi- 
cients by either of the equations in which they occur.* 


* Compare Transactions Connecticut Academy, Vol. III, pages 116 ff. 
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If we compare the statistical equations (529) and (532) 
with (114) and (112), which are given in Chapter IV, and 
discussed in Chapter XIV, as analogues of thermody- 
namic equations, we find considerable difference. Beside the 
terms corresponding to the additional terms in the thermo- 
dynamic equations of this chapter, and beside the fact that 
the averages are taken in a grand ensemble in one case 
and in a petit in the other, the analogues of entropy, H 
and 7, are quite different in definition and value. We shall 
return to this point after we have determined the order 
of magnitude of the usual anomalies of »,, ... %. 

If we differentiate equation (518) with respect to m1, and 
multiply by ©, we get 

O+ m1.» tHaYn—¥ 


aQ é , 
=», eee 2,5 ee — 0, (536) 


whence dQ/du, = — v,, which agrees with (527). Differen- 
tiating again with respect to w,, and to u,, and setting 

dois (dod ho 

aaa Sa tek 


we get 
D+... +4, 


BQ (4 —n)\e ' - 
noes Sy, ito ao, (537) 


O+ My. tea 


Sy oo. Sy ( i 4 =n) canes e 
. *\ du, dpg () lu. -- |v 


The first members of these equations represent the average 
values of the quantities in the principal parentheses. We 
have therefore 


=0. (538) 


U4 ah V4 = AEE = dy > (539) 


i= “1)? Fe 


————————  __ a ed 
{.— 14) (vg — v2) =11 V2 Liss aod eae age dp, (540) 
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From equation (539) we may get an idea of the order of 
magnitude of the divergences of vy from its average value 
in the ensemble, when that average value is great. The 
equation may be written 


ia eld A ae (541) 


The second member of this equation will in general be small 
when y, is great. Large values are not necessarily excluded, 
but they must be confined within very small limits with re- 
spect to w. For if 


2 
Se So (542) 


for all values of , between the limits pu,’ and y,!, we shall 
have between the same limits 

@ == 

end dv; = dy ? (543) 
ne 


and therefore 
1 1 
> eat iS i 
s0(— ay > pal! — pu! (544) 


The difference 4," — y,! is therefore numerically a very small 
quantity. To form an idea of the importance of such a 
difference, we should observe that in formula (498) yw, is 
multiplied by v, and the product subtracted from the energy. 
A very small difference in the value of 4, may therefore be im- 
portant. But since v@ is always less than the kinetic energy 
of the system, our formula shows that ,,!’ — u,’, even when 
multiplied by y,! or v,!’, may still be regarded as an insensible 
quantity. 

We can now perceive the leading characteristics with re- 
spect to properties sensible to human faculties of such an en- 
semble as we are considering (a grand ensemble canonically 
distributed), when the average numbers of particles of the vari- 
ous kinds are of the same order of magnitude as the number 
of molecules in the bodies which are the subject of physical 
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experiment. Although the ensemble contains systems having 
the widest possible variations in respect to the numbers of 
the particles which they contain, these variations are practi- 
cally contained within such narrow limits as to be insensible, 
except for particular values of the constants of the ensemble. 
This exception corresponds precisely to the case of nature, 
when certain thermodynamic quantities corresponding to 0, 
}41, M, etc., which in general determine the separate densities 
of various components of a body, have certain values which 
make these densities indeterminate, in other words, when the 
conditions are such as determine coexistent phases of matter. 
Except in the case of these particular values, the grand en- 
semble would not differ to human faculties of perception from 
a petit ensemble, viz., any one of the petit ensembles which it 
contains in which 1, », etc., do not sensibly differ from their 
average values. 

Let us now compare the quantities H and », the average 
values of which (in a grand and a petit ensemble respectively) 
we have seen to correspond to entropy. Since 

Ha 2ten: 2 =F Hava — © 
@ 
w—e 

iC) 

Q+ min... a5) ig vom, 2 
© 

A part of this difference is due to the fact that H relates to 

generic phases and 7 to specific. If we write »,., for the 

index of probability for generic phases in a petit ensemble, 

we have 


and 7 = p) 


Hoe (545) 


Neen = 9 + log|y..--[m%, (546) 
H — 7 =H — ten + log |. -- - [ray (547) 
pg See Fate tog as: t- (548) 


This is the logarithm of the probability of the petit en- 
semble (v,...,).* If we set 


* See formula (517). 
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Yen aga, (549) 


which corresponds to the equation 


Yet an (550) 
we have Woon = W + @ log|u..-|%, 
and H — tee = OF mary F tats — Yon (551) 


This will have a maximum when * 


Me poten) — Aon ete. (552) 
Vi ve 


Distinguishing values corresponding to this maximum by 
accents, we have approximately, when v,,...v, are of the 
same order of magnitude as the numbers of molecules in ordi- 
nary bodies, 


Q+ i'1- + ad — Veen 
x 


a Q+ Mav . Ban. ae Veen’ 


ae (Se) Se (An)? _ ‘ ' Avy Aveg Ween \! (Avy)? 
dv? dv, dv, G5 FAR Neds 20’ 


Hi Ngen — 


(553) 
fee Wea ad BEY om bce) cro wR 
‘(654) 
where C= Onl pa = ve! (555) 
and Ay=y— vy, Avg = ve — v4', etc. (556) 


This is the probability of the system (v,...,). The prob- 
abilty that the values of »,,...v, lie within given limits is 
given by the multiple integral 


Pacpat ; F : 

peencuy, speaking, on is not determined as function of 1, .. V,, except 
for integral values of these variables. Yet we may suppose it to sao deter- 
mined as a continuous function by any suitable process of interpolation. 
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a ee) ‘(Ar;)? | Steen) Arhrs yet deen \/ (Ava)? 
J. fee e€ dy / 2@ dy,dv, @  \ dn? J 20 dv,...dv,. 
(557) 


This shows that the distribution of the grand ensemble with 
respect to the values of v,,..., follows the “law of errors ” 
when »,’,...v,' are very great. The value of this integral 
for the limits + o should be unity. This gives 


h 


BBS 
a (558) 
OF C = flog D — Flog (278), (559) 
(Ses) DY gen 3 Ween \! 
dv;? dv, dv. ee So dv, dy, 
d OW ea ) : ( D*WVeen ) ( 7) t 
where D dy, dv, dv," Biitrasic: dv, dy, ( 5 6 0) 
dv,dv; ) Cais fA OnE dv, 
am) (di an! 
a Sea en sca, i 
en ea (a) 
that is, D=|\™ a dn/) (561) 


eRe Oi O40 yheL O16 (0,05 6 Lette Le. @ 66: 2 6 a6 


dp,\! dp, \! Tun \! 
ae pe kgs Lanes 7 
Now, by (553), we have for the first approximation 
He eee . log 26), (562) 
and if we divide by the constant K,* to reduce these quanti- 
ties to the usual unit of entropy, 
H — meen __ log D — h log (27®) 
ae. De ae 
* See page 184-186. 


(563) 
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This is evidently a negligible quantity, since AK is of the same 
order of magnitude as the number of molecules in ordinary 
bodies. It is to be observed that 7gen is here the average in 
the grand ensemble, whereas the quantity which we wish to 
compare with H is the average in a petit ensemble. But as we 
have seen that in the case considered the grand ensemble would 
appear to human observation as a petit ensemble, this dis- 
tinction may be neglected. 

The differences therefore, in the case considered, between the 
quantities which may be represented by the notations * 


Hig) ees, Wiles (eet ae Vers bees 


are not sensible to human faculties. The difference 


‘eeu bear ae Taper ett => In: ote [vas 


and is therefore constant, so long as the numbers »,,... 
are constant. For constant values of these numbers, therefore, 
it is immaterial whether we use the average of »,., or of 7 for 
entropy, since this only affects the arbitrary constant of in- 
tegration which is added to entropy. But when the numbers 
¥1,-.+¥, are varied, it is no longer possible to use the index 
for specific phases. For the principle that the entropy of any 
body has an arbitrary additive constant is subject to limi- 
tation, when different quantities of the same substance are 
concerned. In this case, the constant being determined for 
one quantity of a substance, is thereby determined for all 
quantities of the same substance. 

To fix our ideas, let us suppose that we have two identical 
fluid masses in contiguous chambers. The entropy of the 
whole is equal to the sum of the entropies of the parts, and 
double that of one part. Suppose a valve is now opened, 
making a communication between the chambers. We do not 
regard this as making any change in the entropy, although 
the masses of gas or liquid diffuse into one another, and al- 
though the same process of diffusion would increase the 


* . . . Le ae | 
In ee paragraph, for greater distinctness, Hgeal, can q and Tsper lpetit have 
been written for the quantities which elsewhere are denoted by H and 7. 
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entropy, if the masses of fluid were different. It is evident, 
therefore, that it is equilibrium with respect to generic phases, 
and not with respect to specific, with which we have to do in 
the evaluation of entropy, and therefore, that we must use 
the average of H or of 7,.,, and not that of , as the equiva- 
lent of entropy, except in the thermodynamics of bodies in 
which the number of molecules of the various kinds is 
constant. 
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mathematical theory of elasticity and technical mechanics; equilibrium of isotropic elastic 
solids and aelotropic solid bodies; nature of force transmission, Volterra’s theory of 
dislocations; theory of elastic spheres in relation to tidal, rotational, gravitational effects 
on earth; general theory of bending; deformation of curved plates; buckling effects; much 
more. ‘‘The standard treatise on elasticity,’’ American Math. Monthly. 4th revised edition. 
76 figures. xviii + §43pp. 64% x 914. $174 Paperbound $2.95 


NUCLEAR PHYSICS, QUANTUM THEORY, RELATIVITY 


MESON PHYSICS, R. E. Marshak. Presents basic theory, and results of experiments with em- 
phasis on theoretical significance. Phenomena involving mesons as virtual transitions 
avoided, eliminating some of least satisfactory predictions of meson theory. Includes pro- 
duction study of a mesons at nonrelativistic nucleon energies contracts between m and uw 
mesons, phenomena associated with nuclear interaction of m mesons, etc. Presents early 
evidence for new classes of particles, indicates theoretical difficulties created by discovery 


of heavy mesons and hyperons. viii + 378pp. 534 x 8. $500 Paperbound $1.95 
THE FUNDAMENTAL PRINCIPLES OF QUANTUM MECHANICS, WITH ELEMENTARY APPLICATIONS, 
E. C. Kemble. Inductive presentation, for graduate student, specialists in other branches of 


physics. Apparatus necessar 


y beyond differential equations : 
Be recdedhe thaner cat quati and advanced calculus: developed 


d exposition of principles, hundreds of individual problems full 
ener exec uedt book. . vie great ee to every student... rigor and detailed 

iscussion . .. as succeeded in keepi i i 2 
standable,"” Or. Linus Pauling, 4 ping his presentation clear and under 


nda . Of American Chemical Society. ices: 
variations, math. notes, etc. 61lpp. 556 x 83. he TomPec eee es 


WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin General method icati 

I | aks fi , application to 
different problems: pure physics—scattering of X-rays in crystals, thermal eauen in 
crystal lattices, electronic motion in metals; problems in electrical engineering. Partial 
contents: elastic waves along 1-dimensional lattices of point masses. Propagation of waves 


along 1-dimensional lattices. Ener flow. 2, 3 di i i ieu’ i 
Matrices and propagation ‘of gy , 3 dimensional lattices. Mathieu’s equation. 


! ; p waves -along an electric line. i ic li 
illustrations. xii + 253pp. 53% x 8. : es mei ee ce AS 0 


DOVER SCIENCE BOOKS 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia Univ., by Nobel laureate. Unabridged, form 
historical coverage of theory of free electrons, motion, absorption of heat, Zeeman effect, 
optical phenomena in moving bodies, etc. 109 pages notes explain more advanced sec- 
tions. 9 figures. 352pp. 53% x 8. $173 Paperbound $1.85 


SELECTED PAPERS ON QUANTUM ELECTRODYNAMICS, edited by J. Schwinger. Facsimiles of 
papers which established quantum electrodynamics; beginning to present position as part 
of larger theory. First book publication in any language of collected papers of Bethe, Bloch, 
Dirac, Dyson, Fermi, Feynman, Heisenberg, Kusch, Lamb, Oppenheimer, Pauli, Schwinger, 
Tomonoga, Weisskopf, Wigner, etc. 34 papers: 29 in English, 1 in French, 3 in German, 
1 in Italian. Historical commentary by editor. xvii + 423pp. 6% x 91%. 

$444 Paperbound $2.45 


FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages; the papers most often 
cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, Cock- 
roft, Hahn, Yukawa. Unparalleled bibliography: 122 double columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. 61% x 914. $19 Paperbound $1.75 


THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Schroedinger’s wave equation, 
de Broglie’s waves of a particle, Jordon-Hoelder theorem, Lie’s continuous groups of trans- 
formations, Pauli exclusion principle, quantization of Mawell-Dirac field equations, etc. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, 
symmetry permutation group, algebra of symmetric transformations, etc. 2nd revised edi- 
tion. xxii + 422pp. 5% x 8. $268 Clothbound $4.50 

$269 Paperbound $1.95 


PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. Nobel laureate dis- 
cusses quantum theory; his own work, Compton, Schroedinger, Wilson, Einstein, many 
others. For physicists, chemists, not specialists in quantum theory. Only elementary formulae 
considered in text; mathematical appendix for specialists. Profound without sacrificing 
clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 5% x 8. 

$113 Paperbound $1.25 


INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals, translated into English. 5 basic papers, including Elementary 
Theory of the Brownian Movement, written at request of Lorentz to provide a simple 
explanation. Translated by A. D. Cowper. Annotated, edited by R. Firth. 33pp. of notes 
elucidate, give history of previous investigations. 62 footnotes. 124pp. 536 x 8. 

$304 Paperbound $1.25 


THE PRINCIPLE OF RELATIVITY, E. Einstein, H. Lorentz, M. Minkowski, H. Weyl. The 11 basic 
papers that founded the general and special theories of relativity, translated into English. 
2 papers by Lorentz on the Michelson experiment, electromagnetic phenomena. Minkowski’s 
“Space and Time,’’ and Weyl’s ‘Gravitation and Electricity.’’ 7 epoch-making papers by Ein- 


stein: ‘‘Electromagnetics of Moving Bodies,’’ “‘Influence of Gravitation in Propagation of 
Light,’’ ‘‘Cosmological Considerations,’ ‘‘General Theory,’ 3 others. 7 diagrams. Special 
notes by A. Sommerfeld. 224pp. 5% x 8. $93 Paperbound $1.75 
STATISTICS 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F. E. Croxton. Based primarily on biological sciences, but can be used by anyone desiring 
introduction to statistics. Assumes no prior acquaintance, requires only modest knowledge 
of math. All basic formulas carefully explained, illustrated; all necessary reference tables 
included. From basic terms and concepts, proceeds to frequency distribution, linear, non- 
linear, multiple correlation, etc. Contains concrete examples from medicine, biology. 101 
charts. 57 tables. 14 appendices. lv + 376pp. 5% x 8. $506 Paperbound $1.95 


ANALYSIS AND DESIGN OF EXPERIMENTS, H. B. Mann. Offers method for grasping analysis of 
variance, variance design quickly. Partial contents: Chi-square distribution, analysis of 
variance distribution, matrices, quadratic forms, likelihood ration tests, test of linear 
hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, etc. 
15pp. of useful tables. x + 195pp. 5 x 7%. $180 Paperbound $1.45 


FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of standard 
work on classical statistics. Practical, one of few books constantly referred to for clear 
presentation of basic material. Partial contents: Frequency Distributions; Pearsons Fre- 
quency Curves; Theoretical Distributions; Standard Errors; Correlation Ratio—Contingency; 
Corrections for Moments, Beta, Gamma Functions; etc. Key to terms, symbols. 25 examples. 
40 tables. 16 figures. xi + 272pp. 512 x 82. Clothbound $1.49 
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CATALOGUE OF 


HYDRODYNAMICS, ETC. 


, Horace Lamb. Standard reference work on dynamics of liquids and gases. 
PERT rthcreris) equations, methods, solutions, background for classical hydrody- 
namics. Chapters: Equations of Motion, Integration of Equations in Special Gases, Vortex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc. Excellently planned, arranged, Clear, 
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mostly bibliograph- 
ical. 119 figures. xv + 738pp. 6% x 91%. $256 Paperbound $2.95 


i A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
een Ot pura mathematics to an applied problem. Emphasis is on correlation of 
theory and deduction with experiment. Examines recently discovered paradoxes, theory of 
modelling and dimensional analysis, paradox and error in flows and free boundary theory. 
Classicai theory of virtual mass derived from homogenous spaces; group theory applied 
to fluid mechanics. 20 figures, 3 plates. xiii + 186pp. 5% x 8. $22 Paperbound $1.85 


HYDRODYNAMICS, H. Dryden, F. Murhaghan, H. Bateman. Published by National Research 
Council, 1932. Complete coverage of classical hydrodynamics, encyclopedic in quality. 
Partial contents: physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2, 3 dimensions; laminar motion, resistance of motion through viscous fluid, eddy 
viscosity, discharge of gases, flow past obstacles, etc. Over 2900-item bibliography. 23 
figures. 634pp. 5368 x 8. $303 Paperbound $2.75 


ACOUSTICS AND OPTICS 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classical examination of propagation of light, 
color, polarization, etc. Historical, philosophical treatment unequalled for breadth and 
readability. Contents: Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light, periodicity, theory of interference, polarization, mathematical representation of 
properties, etc. 279 illustrations. 10 portraits. 324pp. 536 x 8. $170 Paperbound $1.75 


THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods here 
will cover most vibrating systems likely to be encountered in practice. Complete coverage 
of experimental, mathematical aspects. Partial contents: Harmonic motions, lateral vibra- 
tions of bars, curved plates or shells, applications of Laplace’s functions to acoustical 
problems, fluid friction, etc. First low-priced edition of this great reference-study work. 
Historical introduction by R. B. Lindsay. 1040pp. 97 figures. 538 x 8. 


$292, S293, Two volume set, paperbound $4.00 


THEORY OF VIBRATIONS, N. W. McLachlan. Based on exceptionally successful graduate 
course, Brown University. Discusses linear systems having 1 degree of freedom, forced 
vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 
bars and tubes, of circular plate, sound waves of finite amplitude, etc. 99 diagrams. 160pp. 


5% x 8. $190 Paperbound $1.35 


APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of 
physical and mathematical aspects, limited mostly to ‘‘real optics.’ Stresses practical 
problem of maximum aberration permissible without affecting performance. Ordinary ray 
tracing methods; complete theory ray tracing methods, primary aberrations; enough higher 
aberration to design telescopes, low powered microscopes, photographic equipment. Covers 
fundamental equations, extra-axial image points, transverse chromatic aberration, angular 
magnification, similar topics. Tables of functions of N. Over 150 diagrams. x + 518pp. 


53% X 8%. $366 Paperbound $2.98 


RAYLEIGH’S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickley. 
Rayleigh’s Principle developed to provide upper, lower estimates of true value of funda- 
mental period of vibrating system, or condition of stability of elastic system. Examples, 
rigorous proofs. Partial contents: Energy method of discussing vibrations, stability. Per- 
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations, 
applications of Rayleigh’s theory. Numerical, graphical methods. Ritz’s method. 22 figures. 
ix + 156pp. 53% x 8. S307 Paperbound $1.50 
OPTICKS, Sir Isaac Newton. In its discussi i i i i 

towers andticctniecdleer on of light, reflection, color, refraction, theories 


eories of light, this work i ‘i insi 
discoveries. In its precise and pecic rat GOnetrh tive Goer eat 


: cal discussions of construction of optical apparatus, 
pontemporary understanding of phenomena, it is truly fascinating to modern stantists. 
paver by Albert Einstein. Preface by |. B. Cohen, Harvard. 7 pages of portraits, facsimile 
pages, letters, etc. cxvi + 414pp. 536 x 8. $205 Paperbound $2.00 


DOVER SCIENCE BOOKS 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. Using acoustical physics, physiology, 
experiment, history of music, covers entire ganiut of musical tone: relation of music 
science to acoustics, physical vs. physiological acoustics, vibration, resonance, tonality, 
progression of parts, etc. 33 appendixes on various aspects of sound, physics, acoustics, 
music, etc. Translated by A. J. Ellis. New introduction by H. Margenau, Yale. 68 figures. 43 
musical Passages analyzed. Over 100 tables. xix + 5/76pp. 61% x 91%. 

$114 Clothbound $4.95 


ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re- 
sources of value in solution of differential equations. Treatment is mathematical rather 
than physical. Extends general computational process to include almost all branches of 
applied math and physics. Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time. 48pp. of tables for computing 
irregular star first and second derivatives, irregular star coefficients for second order 


equations, for fourth order equations. ‘‘Useful. . . . exposition is clear, simple . . . no 
previous acquaintance with numerical methods is assumed,’’ Science Progress. 253 dia- 
grams. 72 tables. 400pp. 5% x 8. S244 Paperbound $2.45 


THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used constantly by graduate engineers. 
Vector methods exclusively; detailed treatment of electrostatics, expansion methods, with 
tables converting any quantity into absolute electromagnetic, absolute electrostatic, prac- 
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 416pp. 
53¥%8 x 8. $185 Paperbound $2.00 


ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise on 
rheological aspects of different technically important solids: crystals, resins, textiles, rubber, 
clay, etc. Investigates general laws for deformations; determines divergences. Covers gen- 
eral physical and mathematical aspects of plasticity, elasticity, viscosity. Detailed examina- 
tion of deformations, internal structure of matter in relation to elastic, plastic behaviour, 
formation of solid matter from a fluid, etc. Treats glass, asphalt, balata, proteins, baker's 
dough, others. 2nd revised, enlarged edition. Extensive revised bibliography in over 500 
footnotes. 214 figures. xvii + 368pp. 6 x 914. $385 Paperbound $2.45 


DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 
instrument designer, engineer; how to combine necessary mathematical abstractions with 
independent observations of actual facts. Partial contents: instruments and their parts, 
theory of errors, systematic errors, probability, short period errors, erratic errors, design 
precision, kinematic, semikinematic design, stiffness, planning of an instrument, human 
factor, etc. 85 photos, diagrams. xii + 288pp. 538 x 8. $270 Paperbound $1.95 


APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Presents, for most part, 
methods valuable to engineers. Flow in pipes, boundary layers, airfoil theory, entry condi- 
tions, turbulent flow, boundary layer determining drag from pressure and velocity, etc. 
“will be welcomed by all students of aerodynamics,’’ Nature. Unabridged, unaltered. An 
Engineering Society Monograph, 1934. Index. 226 figures. 28 photographic plates illustrating 
flow patterns. xvi + 31lpp. 5% x 8. $375 Paperbound $1.85 


FUNDAMENTALS OF HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Standard work, 
based on Prandtl’s lectures at Goettingen. Wherever possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and experience. Presenta- 
tion extremely clear. Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent. An Engineering Society Monograph, 1934. ‘‘Still recommended as an 
excellent introduction to this area,’’ Physikalische Blatter. 186 figures. xvi + 270pp. 
53% x 8. S374 Paperbound $1.85 


GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout. Studies kinetic theory of gases, ionization, emission phenomena; gas breakdown, 
spark characteristics, glow, discharges; engineering applications in circuit interrupters, recti- 
fiers, etc. Detailed treatment of high pressure arcs (Suits); low pressure arcs (Langmuir, 
Tonks). Much more. ‘Well organized, clear, straightforward,’ Tonks, Review of Scientific 
Instruments. 83 practice problems. Over 600 figures. 58 tables. xx a 606pp 

53% x 8. $442 Saearbband $2.75 


PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For engineer, spe- 
cific problems of stress analysis. Latest time-saving methods of checking calculations in 
2-dimensional design problems, new techniques for stresses in 3 dimensions, lucid descrip- 
tion of optical systems used in practical photoelectricity. Useful suggestions, hints based 
on on-the-job experience included. Partial contents: strain, stress-strain relations, circular 
disc under thrust along diameter, rectangular block with square hold under vertical thrust, 
simply supported rectangular beam under central concentrated load, etc. Theory held to 
minimum, no advanced mathematical training needed. 164 illustrations. viii + 184pp. 
6% x 91%. $137 Clothbound $3.75 


CATALOGUE OF 


ANSMISSION DESIGN DATA, T. Moreno. Originally classified, now rewritten, 
Silereedvias net chapters) under auspices of Sperry Corp. Of immediate value or reference 
use to radio engineers, systems designers, applied physicists, etc. Ordinary transmission 
line theory; attenuation; parameters of coaxial lines; flexible cables; tuneable wave guide 
impedance transformers; effects of temperature, humidity; much more. ‘Packed with informa- 
tion . . . theoretical discussions are area eae Ne eta sree os ¢ neve 

ientifi i f dielectrics, flexible cable, etc. ix é (7 : 

Naval Scientific Service. Tables o ; Soden eround ite 


HEORY OF THE PROPERTIES OF METALS AND ALLOYS, H. F. Mott, H. Jones. Quantum 
ee develop mathematical models showing interrelationship of fundamental chemical 
phenomena wtih crystal structure, electrical, optical properties, etc. Examines electron 
motion in applied field, cohesion, heat capacity, refraction, noble metals, transition and 


j-valent metals, etc. “Exposition is as clear . . . mathematical treatment as simple and 
oorabie as we have become used to expect of . . . Prof. Mott,’’ Nature. 138 figures. xiii + 
320pp. 5% xX 8. $456 Paperbound $1.85 


THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 
ENGINEERING, R. B. Blackman, J. W. Tukey. Pathfinding work reprinted from ‘‘Bell System 
Technical Journal.’ Various ways of getting practically useful answers in power spectra 
measurement, using results from both transmission and statistical estimation theory. Treats: 
Autocovariance, Functions and Power Spectra, Distortion, Heterodyne Filtering, Smoothing, 
Decimation Procedures, Transversal Filtering, much more. Appendix reviews fundamental 
Fourier techniques. Index of notation. Glossary of terms. 24 figures. 12 tables. 192pp. 
55a X 85%. $507 Paperbound $1.85 


TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years 
a seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total 
of 1082pp. on such topics as Measurement of Quantities, Electrostatics, Elementary Mathe- 
matical Theory of Electricity, Electrical Work and Energy in a System of Conductors, Gen- 
eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, 
Resistance, much more. ‘‘The greatest mathematical physicist since Newton,’’ Sir James 
Jeans. 3rd edition. 107 figures, 21 plates. 1082pp. 5% x 8. $186 Clothbound $4.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay. Covers chemical phenomena of 
1 to 4 multiple component systems, the ‘‘standard work on the subject’’ (Nature). Completely 
revised, brought up to date by A. N. Campbell, N. O. Smith. New material on binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts, water, etc. 
Completely revised to triangular coordinates in ternary systems, clarified graphic |representa- 
tion, solid models, etc. 9th revised edition. 236 figures. 505 footnotes, mostly bibliographic. 
xii + 449pp. 5% x 8. $92 Paperbound $2.45 


DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical, physical chapters for 
convenience of those not expert in mathematics. Discusses mathematical theory of gas 
in steady state, thermodynamics, Bolzmann, Maxwell, kinetic theory, quantum theory, expo- 
nentials, etc. ‘‘One of the classics of scientific writing . . . as lucid and comprehensive 
an exposition of _the kinetic theory as has ever been written,” J. of Institute of Engineers. 
4th enlarged edition, with new material on quantum theory, quantum dynamics, etc. 28 figures. 
444pp. 6% x 914, $136 Paperbound $2.45 


POLAR MOLECULES, Pieter Debye. Nobel laureate offers complete guide to fundamental 
electrostatic field relations, polarizability, molecular structure. Partial contents: electric 
intensity, displacement, force, polarization by orientation, molar polarization, molar refrac- 
tion, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc. Special 
chapter considers quantum theory. ‘Clear and concise . . . coordination of experimental 
results with theory will be readily appreciated,’’ Electronics Industries. 172pp. 53% x 8. 


S63 Clothbound $3.50 
S64 Paperbound $1.50 


ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey -for chem- 
ists, physicists specializing in other fields. Partial contents: simplest line spectra, elements 
of atomic theory; multiple structure of line spectra, electron spin; building-up principle, 
periodic system of elements; finer details of atomic spectra; hyperfine structure of spectral 
lines; some experimental results and applications. 80 figures. 20 tables. xiii + 257pp. 
5¥e x 8. S115 Paperbound $1.95 
TREATISE ON THERMODYNAMICS, Max Planck. Classic based on his original papers. Brilliant 


concepts of Nobel laureate make no assumptions regardin at f j i 
approaches of Helmholtz, Maxwell, : POINTED EW LODU net eo 


to offer uniform point of view for entire field. Seminal 
Hel by founder of quantum theory, deducing new physical, chemical laws. A standard 
ext, an excellent introduction to field for students with knowledge of elementary chemistry, 
physics, calculus. 3rd English edition: xvi + 297pp. 5% x 8. $219 Paperbound $1.75 
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DOVER SCIENCE BOOKS 


KINETIC THEORY OF LIQUIDS, J. Frenkel. Regards kinetic theory of liquids as generalization, 
extension of theory of solid bodies, covers all types of arrangements of solids; thermal 
displacements of atoms; interstitial atoms, ions; orientational, rotational motion of mole- 
cules; transition between states of matter. Mathematical theory developed close to physical 
subject matter. ‘‘Discussed in a simple yet deeply penetrating fashion . . . will serve as 
seeds for a great many basic and applied developments in chemistry,’’ J. of the Amer. 
Chemical Soc. 216 bibliographical footnotes. 55 figures. xi + 485pp. 53% x 8. 

S94 Clothbound $3.95 

S95 Paperbound $2.45 


ASTRONOMY 


OUT OF THE SKY, H. H. Nininger. Non-technical, comprehensive introduction to ‘‘meteoritics”’ 
—science concerned with arrival of matter from outer space. By one of world’s experts 
on meteorites, this book defines meteors and meteorites; studies fireball clusters and 
processions, meteorite composition, size, distribution, showers, explosions, origins, much 
more. viii + 336pp. 5% x 8. 1519 Paperbound $1.85 


AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. Outstanding 
treatise on stellar dynamics by one of greatest astro-physicists. Examines relationship be- 
tween loss of energy, mass, and radius of stars in steady state. Discusses thermodynamic 
laws from Caratheodory’s axiomatic standpoint; adiabatic, polytropic laws; work of Ritter, 
Emden, Kelvin, etc.; Stroemgren envelopes as starter for theory of gaseous stars; Gibbs 
statistical mechanics (quantum); degenerate stellar configuration, theory of white dwarfs; 
etc. ‘‘Highest level of scientific merit,’ Bulletin. Amer. Math. Soc. 33 figures. 509pp. 
53g x 8. $413 Paperbound $2.75 


LES METHODES NOVELLES DE LA MECANIQUE CELESTE, H. Poincaré. Complete French text 

of one of Poincaré’s most important works. Revolutionized celestial mechanics: first use of 

integral invariants, first major application of linear differential equations, study of periodic 

orbits, lunar motion and Jupiter’s satellites, three body problem, and many other important 

topics. ‘‘Started a new era... sg extremely modern that even today few have mastered 
his weapons,’ E. T. Bell. 3 volumes. Total 1282pp. 6% x 9%. 

Vol. 1 S401 Paperbound $2.75 

Vol. 2 S402 Paperbound $2.75 

Vol. 3 S403 Paperbound $2.75 

The set $7.50 


THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time presents 
his concept of ‘‘island universes,’’ and describes its effect on astronomy. Covers velocity- 
distance relation; classification, nature, distances, general field of nebulae; cosmological 
theories; nebulae in the neighborhood of the Milky way; etc. 39 photos, including velocity- 
distance relations shown by spectrum comparison. ‘‘One of the most progressive lines 
of astronomical research,’’ The Times, London. New Introduction by A. Sandage. 55 illustra- 
tions. xxiv + 201pp. 5% x 8. $455 Paperbound $1.50 


HOW TO MAKE A TELESCOPE, Jean Texereau. Design, build an f/6 or f/8 Newtonian type 
reflecting telescope, with altazimuth Couder mounting, suitable for planetary, lunar, and 
stellar observation. Covers every operation step-by-step, every piece of equipment. Dis- 
cusses basic principles of geometric and physical optics (unnecessary to construction), 
comparative merits of reflectors, refractors. A thorough discussion of eyepieces, finders, 
grinding, installation, testing, etc. 241 figures, 38 photos, show almost every operation 
and tool. Potential errors are anticipated. Foreword by A. Couder. Sources of supply. xiii 
+ 19l1pp. 6% x 10. T7464 Clothbound $3.50 


BIOLOGICAL SCIENCES 


THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at Am. Mus. of 
Nat. Hist. Probably most used text on amphibia, most comprehensive, clear, detailed. 19 
chapters, 85 page supplement: development; heredity; life history; speciation; adaptation; 
sex, integument, respiratory, circulatory, digestive, muscular, nervous systems; _ instinct, 
intelligence, habits, economic value classification, environment relationships, etc. ‘Nothing 
comparable to it)’ C. H. Pope, curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 item 
bibliography. 174 illustrations. 600pp. 5% x 8. $206 Paperbound $2.98 


THE ORIGIN OF LIFE, A. I. Oparin. A classic of biology. This is the first modern statement 
of theory of gradual evolution of life from nitrocarbon compounds. A brand-new evaluation 
of Oparin’s theory in light of later research, by Dr. S. Margulis, University of Nebraska. 
xxv + 270pp. 5% x 8. $213 Paperbound $1.75 


CATALOGUE OF 


BORATORY MOUSE, edited by G. D. Snell. Prepared in 1941 by staff 
Sea area seaeteon Memenel Laboratory, still the standard treatise on the mouse, 
assembling enormous amount of material for which otherwise you spend hours of research. 
Embryology, reproduction, histology,; spontaneous neoplasms, gene and chromosomes muta- 
tions, genetics of spontaneous tumor formations, of tumor transplantation, endocrine secre- 
tion and tumor formation, milk influence and tumor formation, inbred, hybrid animals, 
parasites, infectious diseases, care and recording. ‘“‘A wealth of information of vital con- 
cern. . . . recommended to all Yue could a ara annie pvuetogy uae ye ts 
ibli i s, includin C ; , 
bibliography of 1122 items. 172 figures, g p pg ER SEE 


VELS OF WILLIAM BARTRAM, edited by Mark Van Doran. Famous source-book of 
he anthropology, natural history, geography, is record kept by Bartram in 1770’s on 
travels through wilderness of Florida, Georgia, Carolinas. Containing accurate, beautiful 
descriptions of Indians, settlers, fauna, flora, it is one of finest pieces of Americana 
ever written. 13 original illustrations. 448pp. 5% x 8. T13 Paperbound $2.00 


BEHAYiOUR AND SOCIAL LIFE OF THE HONEYBEE, Ronald Ribbands. Outstanding scientific 
study; a compendium of practically everything known of social life of honeybee. Stresses 
behaviour of individual bees in field, hive. Extends von Frisch’s experiments on communi- 
cation among bees. Covers perception of temperature, gravity, distance, vibration; sound 
production; glands; structural differences; wax production; temperature regulation; recogni- 
tion, communication; drifting, mating behaviour, other highly interesting topics. ‘‘This 
valuable work is sure of a cordia! reception by laymen, beekeepers and scientists,’ Prof. 
Yarl von Frisch, Brit. J. of Animal Behaviour. Bibliography of 690 references. 127 diagrams, 
graphs, sections of bee anatomy, fine photographs. 352pp. S410 Clothbound $4.50 


ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. Pioneer classic, 1st major attempt to 
apply modern mathematical techniques on large scale to phenomena of biology, biochem- 
istry, psychology, ecology, similar life sciences. Partial contents: Statistical meaning of 
irreversibility; Evolution as redistribution; Equations of kinetics of evolving systems; Chem- 
ical, inter-species equilibrium; parameters of state; Energy transformers of nature, etc. 
Can be read with profit by even those having no advanced math; unsurpassed as_study- 
reference. Formerly titled ‘‘Elements of Physical Biology.’’ 72 figures. xxx + 460pp. 53 x 8. 

$346 Paperbound $2.45 


TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W. M. Harlow. Serious 
middle-level text covering more than 140 native trees, important escapes, with informa- 
tion on general appearance, growth habit, leaf forms, flowers, fruit, bark, commercial use, 
distribution, habitat, woodlore, etc. Keys within text enable you to locate various species 
easily, to know which have edible fruit, much more useful, interesting information. ‘‘Well 
illustrated to make identification very easy,’’ Standard Cat. for Public Libraries. Over 600 
photographs, figures. xiii + 288pp. 5568 x 61/. 1395 Paperbound $1.35 


FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key to Northeastern Trees, Twig key 
to Deciduous Woody Plants of Eastern North America), W. M. Harlow. Only guides with photo- 
graphs of every twig, fruit described. Especially valuable to novice. Fruit key (both deciduous 
trees, evergreens) has introduction on seeding, organs involved, types, habits. Twig key 
introduction treats growth, morphology. In keys proper, identification is almost automatic. 
Exceptional work, widely used in university courses, especially useful for identification in 
winter, or from fruit or seed only. Over 350 photos, up to 3 times natural size. Index of 
common, scientific names, in each key. xvii + 125pp. 596 x 83%. T511 Paperbound $1.25 


INSECT LIFE AND INSECT NATURAL HISTORY, S. W. Frost. Unusual for emphasizing habits, socia! 
life, ecological relations of insects rather than more academic aspects of classification, 
morphology. Prof. Frost’s enthusiasm and knowledge are everywhere evident as he discusses 
insect associations, specialized habits like leaf-rolling, leaf mining, case-making, the gall 
insects, boring insects, etc. Examines matters not usually covered in general works: insects 
as human food; insect music, musicians; insect response to radio waves; use of insects in 
art, literature. “Distinctly different, possesses an individuality all its own,”’ Journal of 
Forestry. Over 700 illustrations. Extensive bibliography. x + 524pp. 536 x 8. 


1519 Paperbound $2.49 


A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir William Osler. Physician, humanist, 
Osler discusses brilliantly Thomas Browne, Gui Patin, Robert Burton, Michael Servetus, 
William Beaumont, Laennec. Includes such favorite writing as title essay, ‘“‘Thée Old Human- 
ities and the New Science,’’ “Books and Men,” “The Student Life,”’ 6 more of his best 
discussions of philcsophy, literature, religion. ‘‘The sweep of his mind and interests em- 
braced every phase of human activity,’’ G. L. Keynes, 5 photographs. Introduction by G. L. 
Keynes, M.D., F.R.C.S. xx + 278pp. 536 x 8. T488 Paperbound $1.50 


THE GENETICAL THEORY OF NATURAL SELECTION, R. A. Fisher. 2nd revised edition of vital 
reviewing of Darwin’s Selection Theory in terms of particulate inheritance, by one of 
greatest authorities on experimental, theoretical genetics. Theory stated in mathematical 
form. Special features of particulate inheritance are examined: evolution of dominance, main- 
tenance of specific variability, mimicry, sexual selection, etc. 5 chapters on man’s special 
circumstances as a social animal. 16 photographs. x + 310pp. 536 x 8. 


S466 Paperbound $1.85 
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THE AUTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LETTERS, edited by Francis 
Darwin. Darwin's own record of early life; historic voyage aboard ‘‘Beagle;’’ furore surround- 
ing evolution, his replies; reminiscences of his son. Letters to Henslow, Lyell, Hooker, 
Huxley, Wallace, Kingsley, etc., and thoughts on religion, vivisection. We see how he revo- 
lutionized geology with concepts of ocean subsidence; how his great books on variation 
of plants and animals, primitive man, expression of emotion among primates, plant fertiliza- 
tion, carnivorous plants, protective coloration, etc., came into being. 365pp. 5% x 8. 
T7479 Paperbound $1.65 


ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy- 
bridge’s famous action photos of animals, from his ‘‘Animal Locomotion.’’ 3919 high-speed 
shots of 34 different animals, birds, in 123 types of action; horses, mules, oxen, pigs, 
goats, camels, elephants, dogs, cats guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, walking, running, flying, leaping. Horse 
alone in over 40 ways. Photos taken against ruled backgrounds; most actions taken from 
3 angles at once: 90°, 60°, rear. Most plates original size. Of considerable interest to 
scientists as biology classic, records of actual facts of natural history, physiology. ‘‘Really 
marvelous series of plates,’’ Nature. ‘‘Monumental work,’’ Waldemar Kaempffert. Edited by 
L. S. Brown, 74 page introduction on mechanics of motion. 340pp. of plates. 3919 photo- 
graphs. 416pp. Deluxe binding, paper. (Weight: 41/2 Ibs.) 7% x 105. 

7203 Clothbound $10.00 


THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. New edition of great classic in history 
of science and photography, largest selection ever made from original Muybridge photos of 
human action: 4789 photographs, illustrating 163 types of motion: walking, running, lifting, 
etc. in time-exposure sequence photos at speeds up to 1/6000th of a second. Men, women, 
children, mostly undraped, showing bone, muscle positions against ruled backgrounds, 
mostly taken at 3 angles at once. Not only was this a great work of photography, acclaimed 
by contemporary critics as work of genius, but it was also a great 19th century landmark 
in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full of detail. Over 500 action strips. 407pp. 734 x 105%. Deluxe edition. 
7204 Clothbound $10.00 


AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year old 
classic of medical science, only major work of Bernard available in English, records his 
efforts to transform physiology inéo exact science. Principles of scientific research illus- 
trated by specified case histories from his work; roles of chance, error, preliminary false 
conclusion, in leading eventually to scientific truth; use of hypothesis. Much of modern 
application of mathematics to biology rests on foundation set down here. ‘‘The presentation 
is polished . . . reading is easy,’’ Revue des questions scientifiques. New foreword by Prof. 
1. B. Cohen, Harvard U. xxv + 266pp. 5% x 8. T400 Paperbound $1.50 


STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E. S. Goodrich. Definitive 
study by greatest modern comparative anatomist. Exhaustive morphological, phylogenetic 
expositions of skeleton, fins, limbs, skeletal visceral arches, labial cartilages, visceral 
clefts, gills, vascular, respiratory, excretory, periphal nervous systems, etc., from fish to 
higher mammals. ‘‘For many a day this will certainly be the standard textbook on Vertebrate 
Morphology in the English language,’’ Journal of Anatomy. 754 illustrations. 69 page bio- 
graphical study by C. C. Hardy. Bibliography of 1186 references. Two volumes, total 906pp. 
53% x 8. Two vol. set S449, 450 Paperbound $5.00 


EARTH SCIENCES 


THE EVOLUTION OF IGNEOUS BOOKS, N. L. Bowen. Invaluable serious introduction applies 
techniques of physics, chemistry to explain igneous rock diversity in terms of chemical 
composition, fractional crystallization. Discusses liquid immiscibility in silicate magmas, 
crystal sorting, liquid lines of descent, fractional resorption of complex minerals, petrogen, 
etc. Of prime importance to geologists, mining engineers; physicists, chemists working with 
high temperature, pressures. ‘‘Most important,’’ Times, London. 263 bibliographic notes. 
82 figures. xviii + 334pp. 5% x 8. $311 Paperbound $1.85 


GEOGRAPHICAL ESSAYS, M. Davis. Modern geography, geomorphology rest on fundamental 
work of this scientist. 26 famous essays present most important theories, field researches. 
Partial contents: Geographical Cycle; Plains of Marine, Subaerial Denudation; The Peneplain; 
Rivers, Valleys of Pennsylvania; Outline of Cape Cod; Sculpture of Mountains by Glaciers; 
etc. ‘‘Long the leader and guide,’’ Economic Geography. ‘‘Part of the very texture of geog- 
raphy .. . models of clear thought,’’ Geographic Review. 130 figures. vi + 777pp. 5% x 8. 

$383 Paperbound $2.95 


URANIUM PROSPECTING, H. L. Barnes. For immediate practical use, professional geologist 
considers uranium ores, geological occurrences, field conditions, all aspects of highly 
profitable occupation. ‘‘Helpful information . . . easy-to-use, easy-to-find style,’’ Geotimes. 
xX + 117pp. 5% x 8. T309 Paperbound $1.00 
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orgius Agricola. 400 year old classic translated, annotated by former 
Bee aent: Rerere eorer ist scientific study of mineralogy, mining, for over ae 
after its appearance in 1556 the standard treatise. 12 books, exhaustively annotated, eta 
history of mining, selection of sites, types of deposits, making pits, shafts, VoD: 
pumps, crushing machinery; assaying, smelting, refining metals; also salt alum, nitre, mes 
making. Definitive edition, with all 289 16th century woodcuts of original. Biograp Mot 
historical introductions. Bibliography, survey of ancient authors. Indexes. A- fascinating boo 
for anyone interested in art, history of science, geology, etc. Deluxe Edition. 289 ype ha 
tions. 672pp. 634 x 10. Library cloth. S6 Clothbound $10. 


TITUTION OF THE EARTH, edited by Beno Gutenberg. Prepared for National 
pee: egal this is a complete, thorough coverage of earth origins, continent forma- 
tion, nature and behaviour of earth’s core, petrology of crust, cooling forces in core, 
seismic and earthquake material, gravity, elastic constants, strain characteristics, similar 
topics. “One is filled with admiration... a high standard . . . there is no reader who 
will not learn something from this eat aber Edinburgh pe tie ne 

ibli in int: 1127 classified items. Ta , L 
rel Aneta ace rie S414 Paperbound $2.45 


D DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
el aaelet sph sciences ever written. Geological thought from earliest times to end of 
19th century, covering over 300 early thinkers and systems; fossils and their explanation, 
vulcanists vs. neptunists, figured stones and paleontology, generation of stones, dozens of 
similar topics. 91 illustrations, including Medieval, Renaissance woodcuts, etc. 632 footnotes, 
mostly bibliographical. 51lpp. 5% x 8. T5 Paperbound $2.00 


HYDROLOGY, edited by 0. E. Meinzer, prepared for the National Research Council. Detailed, 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, 
lakes, infiltration, soil moisture, ground water, runoff, drought, Physical changes produced 
by water hydrology of limestone terranes, etc. Practical in application, especially valuable 
for engineers. 24 experts have created ‘‘the most up-to-date, most complete treatment of 
the subject,’’ Am. Assoc. of Petroleum Geologists. 165 illustrations. xi + 712pp. 6% x 9%. 

$191 Paperbound $2.95 


LANGUAGE AND TRAVEL AIDS FOR SCIENTISTS 


SAY IT language phrase books 


“SAY IT’ in the foreign language of your choice! We have sold over 2 million copies of 
these popular, useful language books. They will not make you an: expert linguist overnight, 
but they do cover most practical matters of everyday life abroad. 


Over 1000 useful phrases, expressions, additional variants, substitutions. 


Modern! Useful! Hundreds of phrases not available in other texts: “Nylon,” “air-condi- 
tioned,’ etc. 


The ONLY inexpensive phrase book completely indexed. Everything is available at a flip 
of your finger, ready to use. 


Prepared by native linguists, travel experts. 
Based on years of travel experience abroad. 


May be used by iiself, or to supplement any other text or course. Provides a living ele- 
ment. Used by many colleges, institutions: Hunter College; Batnard College; Army Ordinance 
School, Aberdeen; etc. 


Available, 1 book per language: 

Danish (T818) 75¢ 

Dutch (T817) 75¢ 

English (for German-speaking people) (1801) 60¢ 
English (for Italian-speaking People) (T816) 60¢ 
English (for Spanish-speaking people) (T802) 60¢ 
Esperanto (T7820) 75¢ 

French (T803) 60¢ 


Italian (T806) 60¢ 
Japanese (T1807) 75¢ 
Norwegian (T1814) 75¢ 
Russian (7810) 75¢ 
Spanish (T1811) 60¢ 
Turkish (T1821) 75¢ 


Yiddish (T1815) 75¢ 
Motcru erect (cia ret Polish (T808) 756° 
Hebrew (1805) 60¢ Portiigusee. ersoat 


Portuguese (T1809) 75¢ 
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MONEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Vomacka. Purse-size hand- 
book crammed with information on currency regulations, tipping for every European country, 
including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland. Telephone, postal 
rates; duty-free imports, passports, visas, health certificates; foreign clothing sizes; weather 
tables. What, when to tip. Sth year of publication. 128pp. 3% x 514. 1260 Paperbound 60¢ 


NEW RUSSIAN-ENGLISH AND ENGLISH-RUSSIAN DICTIONARY, M. A. O’Brien. Unusually com- 
prehensive guide to reading, speaking, writing Russian, for both advanced, beginning stu- 
dents. Over 70,000 entries in new orthography, full information on accentuation, grammatical 
Classifications. Shades of meaning, idiomatic uses, colloquialisms, tables of irregular verbs 
for both languages. Individual entries indicate stems, transitiveness, perfective, imper- 
fective aspects, conjugation, sound changes, accent, etc. Includes pronunciation instruction. 
Used at Harvard, Yale, Cornell, etc. 738pp. 536 x 8. T208 Paperbound $ 2.00 


PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English-Russian, Russian-English. 
Based on phrases, complete sentences, not isolated words—recognized as one of best 
methods of learning idiomatic speech. Over 11,500 entries, indexed by single words, over 
32,000 English, Russian sentences, phrases, in immediately useable form. Shows accent 
changes in conjugation, declension; irregular forms listed both alphabetically, under main 
form of word. 15,000 word ‘introduction covers Russian sounds, writing, grammar, syntax. 
15 page appendix of geographical names, money, important signs, given names, foods, 
special Soviet terms, etc. Originally published as U.S. Gov’t Manual TM 30-944. iv + 573pp. 
53% x 8. T496 Paperbound $2.75 


PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish. 
Compiled from spoken Spanish, based on phrases, complete sentences rather than isolated 
words—not an ordinary dictionary. Over 16,000 entries indexed under single words, both 
Castilian, Latin-American. Language in immediately useable form. 25 page introduction 
provides rapid survey of sounds, grammar, syntax, full consideration of irregular verbs. 
Especially apt in modern treatment of phrases, structure. 17 page glossary gives translations 
of geographical names, money values, numbers, national holidays, important street signs, 
useful expressions of high frequency, plus unique 7 page glossary of Spanish, Spanish- 
American foods. Originally published as U.S. Gov’t Manual TM 30-900. iv + 513pp. 5% x 8%. 

T495 Paperbound $1.75 


SAY IT CORRECTLY language record sets 


The best inexpensive pronunciation aids on the market. Spoken by native linguists asso- 
ciated with major American universities, each record contains: 


14 minutes of speech—12 minutes of normal, relatively slow speech, 2 minutes of 
normal conversational speed. 


120 basic phrases, sentences, covering nearly every aspect of everyday life, travel— 
introducing yourself, travel in autos, buses, taxis, etc., walking, sightseeing, hotels, 
restaurants, money, shopping, etc. 


32 page booklet containing everything on record plus English translations easy-to-follow 
phonetic guide. 
Clear, high-fidelity recordings. 


Unique bracketing systems, selection of basic sentences enabling you to expand use of 
SAY IT CORRECTLY records with a dictionary, to fit thousands of additional situations. 


Use this record to supplement any course or text. All sounds in each language illustrated 
perfectly—imitate speaker in pause which follows each foreign phrase in slow section, 
and pe ennezed at increased ease, accuracy of pronounciation. Available, one language per 
record for 


French Spanish German 

Italian Dutch Modern Greek 

Japanese Russian Portuguese 

Polish Swedish Hebrew 

English (for German-speaking people) English (for Spanish-speaking people) 


7” (33 1/3 rpm) record, album, booklet. $1.00 each. 


SPEAK MY LANGUAGE: SPANISH FOR YOUNG BEGINNERS, M. Ahiman, Z. Gilbert. Records pro- 
vide one of the best, most entertaining methods of introducing a foreign language to 
children. Within framework of train trip from Portugal to Spain, an English-speaking child 
is introduced to Spanish by native companion. (Adapted from successful radio program of 
N.Y. State Educational Department.) A dozen different categories of expressions, including 
greeting, numbers, time, weather, food, clothes, family members, etc. Drill is combined 
with poetry and contextual use. Authentic background music. Accompanying book enables 
a reader to follow records, includes vocabulary of over 350 recorded expressions. Two 
10” 33 1/3 records, total of 40 minutes. Book. 40 illustrations. 69pp. 514 x 10%. 

T890 The set $4.95 
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LISTEN & LEARN language record sets 


T & LEARN is the only extensive language record course designed especially to meet 
arava and everyday needs. Separate sets for each language, each containing three 33 1/3 
rpm long-playing records—1 1/2 hours of recorded speech by eminent native speakers 
who are professors at Columbia, New York U., Queens College. 


Check the following features found only in LISTEN & LEARN: 


Dual language recording. 812 selected phrases, sentences, over 3200 words, spoken first 
in English, then foreign equivalent. Pause after each foreign phrase allows time to 
repeat expression. 


128-page manual (196 page for Russian)—everything on records, plus simple transcrip- 
tion. indexed for convenience. Only set on the market completely indexed. 


Practical. No time wasted on material you can find in any grammar. No dead words. 
Covers central core material with phrase approach. Ideal for person with limited time. 
Living, modern expressions, not found in other courses. Hygienic products, modern 
equipment, shopping, ‘‘air-conditioned,”’ etc. Everything is immediately useable. 


igh-fidelity recording, equal in clarity to any costing up to $6 per record. 


“Excellent... impress me as being among the very best on the market,” Prof. Mario 
Pei, Dept. of Romance Languages, Columbia U. ‘‘Inexpensive and well done . . . ideal 
present,’ Chicago Sunday Tribune. ‘More genuinely helpful than anything of its kind,” 
Sidney Clark, well-known author of ‘‘All the Best’ travel books. 


UNCONDITIONAL GUARANTEE. Try LISTEN & LEARN, then return it within 10 days for full 
refund, if you are not satisfied. It is guaranteed after you actually use it. 


6 modern languages—FRENCH, SPANISH, GERMAN, ITALIAN, RUSSIAN, or JAPANESE *—one 
language to each set of 3 records (33 1/3 rpm). 128 page manual. Album. 


Spanish the set $4.95 German the set $4.95 Japanese* the set $5.95 
French the set $4.95 Italian the set $4.95 Russian the set $5.95 


* Available Oct. 1959. 


TRUBNER COLLOQUIAL SERIES 


These unusual books are members of the famous Tribner series of colloquial manuals. They 
have been written to provide adults with a sound colloquial knowledge of a foreign lan- 
guage, and are suited for either class use or self-study. Each book is a complete course in 
itself, with progressive, easy to follow lessons. Phonetics, grammar, and syntax are covered, 
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included. 
These books are unusual in being neither skimpy nor overdetailed in grammatical matters, 
and in presenting up-to-date, colloquial, and practical phrase material. Bilingual presentation 
is stressed, to make thorough self-study easier for the reader. 


COLLOQUIAL HINDUSTANI, A. H. Harley, formerly Nizam’s Reader in Urdu, U. of London. 30 
pages on phonetics and scripts (devanagari & Arabic-Persian) are followed by. 29 lessons, 
including material on English and Arabic-Persian influences. Key to all exercises. Vocabulary. 


5 X 72. 147pp. Clothbound $1.75 


COLLOQUIAL ARABIC, DeLacy O'Leary. Foremost Islamic scholar covers lan 

: F ’ l uage of Egypt, 
mf Palestine, & Northern Arabia. Extremely clear coverage of complex Arable vers & maui 
Plurals; also cultural aspects of language. Vocabulary. xviii + 192pp. 5 x 7p. 


Clothbound $1.75 
COLLOQUIAL 2 i ; ; . 
ae Dicellene Tesch Intensive thorough coverage of grammar in easily-followed 


with hundreds of colloqui ili 
tea anpe Sica. Oquial phrases. 34 lar beer 


R. Patterson. Castilian grammar and colloquial language, loaded 
colloquialisms. Excellent for review or self-study. iedpp 5 x 72. 


Clothbound $1.75 


COLLOQUIAL SPANISH, W. 
with bilingual phrases and 


COLLOQUIAL FRENCH, W. R. i iti i 
Ganmeamernicen a er aia 16th revised edition of this extremely popular manual. 


n [ clarity, and hundreds of useful ex i ; 
eae reading texts, etc. Appendixes of new and useful WOreuaniechincecs paste: 
, Clothbound $1.75 
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COLLOQUIAL PERSIAN, L. P. Elwell-Sutton. Best introduction to modern Persian, with 90 page 
grammatical section followed by conversations, 35 page vocabulary. 139pp. Clothbound $1.75 


COLLOQUIAL CZECH, J. Schwarz, former headmaster of Lingua Institute, Prague. Full easily 
followed coverage of grammar, hundreds of immediately useable phrases, texts. Perhaps the 
best Czech grammar in print. ‘‘An absolutely successful textbook,’’ JOURNAL OF CZECHO- 
SLOVAK FORCES IN GREAT BRITAIN. 252pp. 5 x 7%. Clothbound $2.50 


COLLOQUIAL RUMANIAN, G. Nandris, Professor of University of London. Extremely thorough 

coverage of phonetics, grammar, syntax; also included 70 page reader, and 70 page vocabulary. 

Probably the best grammar for this increasingly important language. 340pp. 5 x 7%. 
Clothbound $2.50 


COLLOQUIAL ITALIAN, A. L. Hayward. Excellent self-study course in grammar, vocabulary, 
idioms, and reading. Easy progressive lessons will give a good working knowledge of Italian 
in the shortest possible time. 5 x 7%. Clothbound $1.75 


MISCELLANEOUS 


TREASURY OF THE WORLD’S COINS, Fred Reinfeld. Finest general introduction to numis- 
matics; non-technical, thorough, always fascinating. Coins of Greece, Rome, modern coun- 
tries of every continent, primitive societies, such oddities as 200-lb stone money of Yap, 
nail coinage of New England; all mirror man’s economy, customs, religion, politics, philos- 
ophy, art. Entertaining, absorbing study; novel view of history. Over 750 illustrations. 
Table of value of coins illustrated. List of U.S. coin clubs. 224pp. 612 x 914. 

T433 Paperbound $1.75 


ILLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, D. H. Rawcliffe. Ra- 
tionally examines hundreds of persistent delusions including witchcraft, trances, mental 
healing, peyotl, poltergeists, stigmata, lycanthropy, live burial, auras, Indian rope trick, 
spiritualism, dowsing, telepathy, ghosts, ESP, etc. Explains, exposes mental, physical de- 
ceptions involved, making this not only an exposé of supernatural phenomena, but a valuable 
exposition of characteristic types of abnormal psychology. Originally ‘‘The Psychology of 
the Occult.”” Introduction by Julian Huxley. 14 illustrations. 55lpp. 538 x 8. 

T503 Paperbound $2.00 


HOAXES, C. D. MacDougall. Shows how art, science, history, journalism can be perverted 
for private purposes. Hours of delightful entertainment, a work of scholarly value, often 
shocking. Examines nonsense news, Cardiff giant, Shakespeare forgeries, Loch Ness monster, 
biblical frauds, political schemes, literary hoaxers like Chatterton, Ossian, disumbrationist 
school of painting, lady in black at Valentino’s tomb, over 250 others. Will probably reveal 
truth about few things you’ve believed, will help you spot more easily the editorial 
“‘gander’’ or planted publicity release. ‘‘A stupendous collection . . . and shrewd analysis,’’ 
New Yorker. New revised edition. 54 photographs. 320pp. 5% x 8. T465 Paperbound $1.75 


YOGA: A SCIENTIFIC EVALUATION, Kovoor T. Behanan. Book that for first time gave Western 
readers a sane, scientific explanation, analysis of yoga. Author draws on_ laboratory 
experiments, personal records of year as disciple of yoga, to investigate yoga psychology, 
physiology, ‘supernatural’? phenomena, ability to plumb deepest human powers. In_ this 
study under auspices of Yale University Institute of Human Relations, strictest principles 
of physiological, psychological inquiry are followed. Foreword by W. A. Miles, Yale University. 
17 photographs. xx + 270pp. 5% x 8. T505 Paperbound $1.65 


Write for free catalogs! 
Indicate your field of interest. Dover publishes books on physics, earth 
sciences, mathematics, engineering, chemistry, astronomy, anthropol- 
ogy, biology, psychology, philosophy, religion, history, literature, math- 
ematical recreations, languages, crafts, art, graphic arts, ete. 


Write to Dept. catr 
Dover Publications, Inc. 
Science B 180 Varick St., N. Y. 14, N.Y. 
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MONTANA STATE UNIVERSITY LIBRARIES 


VOU AULA 


(col 3 1762 1 
Introduction to Differential Equations , — .-y00c9, 1. raopf $1.25 
The Continuum and Other Types of Serial Order, E. V. Huntington $1.00 
Ordinary Differential Equations, E. L. Ince $2.55 
Table of Functions, E. Jahnke & F. Emde $2.00 


Theory of Sets, E. Kamke $1.35 
Foundations of Potential Theory, O. D. Kellogg $1.98 


Modern Theories of Integration, H. Kestelman $1.45 
Mathematical Foundations of Statistical Mechanics, A. Khinchin $1.35 
Mathematical Foundations of Information Theory, A. Khinchin $1.35 

Lectures on the Icosahedron, Felix Klein {$1.85 
Infinite Sequences and Series, K. Knopp $1.75 
Elements of Theory of Functions, K. Knopp $1.35 
Theory of Functions, K. Knopp Four volume set, $5.40 
Dictionary of Conformal representations, H. Kober $2.00 
Numerical Solutions of Differential Equations, H. Levy & E. Baggott $1.75 
Elements of Theory of Real Functions, J. Littlewood $1.25 
Linear Integral Equations, W. L Lovitt $1.60 
Higher Mathematics for Students of Chemistry and Physics, J. Mellor $2.25 
Differential Equations, F. R. Moulton {$2.00 
Functions of a Complex Variable, James Pierpont $2.45 


Lectures on the Theory of Functions of Real Variables, James Pierpont 
Two Volume set $4.90 


Collected Works of Bernard Riemann (in German), B. Riemann {$2.85 


A Table of the Incomplete Elliptic Integral of the Third Kind, 
R. G. Selfridge & J. E. Maxfield Clothbound $7.50 


Elements of Non-Euclidean Geometry, D. M. Y. Sommerville $1.50 
An Introduction to Geometry of N Dimensions, D. M. ¥. Sommerville $1.50 
Elements of Number Theory, I. M. Vinogradov $1.60 
Theory of Functionals, Vito Volterra $1.75 
Partial Differential Equations of Mathematical Physics, A. G. Webster $2.00 
Vector and Tensor Analysis, Albert P. Wills $1.75 
Advanced Calculus, E. B. Wilson $2.45 
Trigonometrical Series, A. Zygmund $1.50 


Available at your book dealer or write for free catalogues to Dept. TF1, 
Dover Publications, Inc., 180 Varick St., N.Y. 14, N.Y. Please indicate 
field of interest. Dover publishes over 75 new selections each year on 
science, puzzles, art, languages, music, philosophy, etc. 


Elementary Principles in 


Statistical Mechanics 
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